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PREFACE 


Tus author of a book on electricity must decide from the 
first whether his approach is mainly mathematical or physical ; 
efforts at a satisfactory synthesis of the two have not hitherto 
proved very successful. The present book is intended to 
outline from the very beginning a consistent mathematical 
account of the phenomena of electricity and magnetism. In 
many respects the field covered is similar to that of Maxwell’s 
classical T'reatise on Electricity and Magnetism. ‘The present 
book differs from his in being much shorter, in assuming a 
working knowledge of vector notation, and in making use 
where necessary of the atomic viewpoint of modern physics. 
The introduction of an atomic viewpoint is made possible 
by the fact that most students are now familiar with the main 
outline of atomic theory: it is also desirable since a habit of 
thinking in atomic terms and relating atomic behaviour to 
macroscopic phenomena sbould be encouraged as soon as 
possible. 

The insistence that electrical phenomena have their origin 
in atomic properties leads to one important change from the 
usual: the theory of magnetism is developed entirely 
independently of the notion of magnetic poles. Since the 
basis of all magnetism is some form of atomic current, it is 
wiser to develop the theory of magnetism from the known 
laws of interaction of currents ; there is no need to introduce 
the postulate of magnetic poles, except for pictorial purposes. 
Indeed, since an isolated magnetic pole does not exist, the 
consistency of the argument is improved if no reference is 
made to any hypothetical law of force between such entities. 

On grounds of space it has been necessary to omit certain 
items: in particular there are very few details given of the 
experiments which are needed to test the theory at important 
points ; nor is there any account of applied electricity, such 
as dynamos, motors, influence-machines, post-office boxes, 
etc. These may all be found in any standard physical 
text-book. The theory of the earth’s magnetism has been 
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only lightly touched upon, and electrolysis has been com- 
pletely omitted, for this, like the theory of electrons, belongs 
more properly to the field of quantum theory, and is outside 
the range of this book. But with these omissions, an attempt 
has been made to build a self-consistent mathematical theory, 
introducing as few postulates as possible, and capable of 
explaining all the more familiar phenomena of electrostatics, 
magnetism and electrodynamics. 

A word is necessary in the matter of units. These nearly 
always cause the student a lot of trouble, and experience 
has shown that the use of practical units from start to finish 
does not make the fundamental ideas any clearer. For these 
reasons the discussion of units and dimensions has been 
deferred to a final chapter, and very little direct reference 
to them, except in the broad distinction between the clectro- 
magnetic and electrostatic systems, is made in the main body 
of the text. 

No-one really understands any branch of mathematics 
until he has worked a good many examples in it. Accordingly 
there are examples, many of them embodying important 
results, at the end of each chapter. An average student 
should be able to solve at least half of these, though in some 
of the others he would require help. 

It is a pleasure to acknowledge the guidance that I have 
received from Professors Εἰ. T. Copson and G. 8. Rushbrooke, 
who have enabled me to remove some errors and have pointed 
out several obscurities: to them, and to my wife who has 
helped me with the preparation of the manuscript, 1 offer 
my grateful thanks. 

Yet this book would be incomplete without a reference 
to my former teacher, Mr E. Cunningham, of St John’s College, 
Cambridge, who first showed me how beautifully vector 
methods fitted the subject of electricity. Much of what is 
best in this account must be attributed, directly or indirectly, 
to his influence. 

Krxo's Cottecs, Lonpon 
January, 1948 


PREFACE TO SECOND AND LATER EDITIONS 


Tue only significant alteration in these editions is the addition 
of a short note at the end of Chapter XIV concerned with 
certain similarities between the fundamental electromagnetic 
vectors. 
I am grateful to several friends who have enabled me 
to remove a certain number of inaccuracies in the first edition. 
C. A. C, 


MaTHEMATICAL INSTITUTE, OxFORD 


March, 1961 
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CHAPTER I 


PRELIMINARY SURVEY 


§4. Electrostatics 


THE fact that a piece of amber, when rubbed, will attract 
small particles of matter, was known 2500 years ago by 
Thales of Miletus (640-548 Β.0.). From this simple experi- 
mental fact has developed the whole science of electrostatics, 
that is, the properties of electricity at rest. Indeed, the 
very word electricity is derived from the Greek word for 
amber. During the years since Thales, and especially in the 
last 150 years, more experimental knowledge has been 
accumulated. This knowledge has seldom been obtained in 
the most systematic order; so our best policy in this book 
will not be to report the various experiments stage by stage 
as they were first made, but rather to start with a general 
survey of our present knowledge. In later chapters we shall 
from time to time briefly refer to the crucial experiments 
— to establish or confirm each particular point of the 
eory, 

We know now that electricity consists of two kinds— 
positive and negative charges. Like charges repel each 
other, but opposite charges attract. If it were not for this 
latter fact our material universe would not hold together 
at all, The smallest negative charge which it is possible 
to obtain is that of the ordinary electron, discovered and 
measured for the first time by J. J. Thomson in 1897. The 
smallest positive charge has the same numerical value, and 
1s found on the proton; the same charge exists on the 
positive electron, a much lighter particle than the proton, 
but this particle is not stable and we shall not need to discuss 
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it. All charges are integral multiples of these fundamental 
units; but each unit is so very small that in any common 
electrical measurement the discreteness of electric charge will 
not affect us, and we may suppose that a given charge may 
be allowed any arbitrary numerical value. The smallness 
of the electronic unit in relation to ordinary measurements 
may be shown by the fact that in a 60-watt lamp at 200 volts 
approximately 2 Χ]1018 electronic units of charge flow along 
the filament per second. The masses of the electron and 
proton are extremely small, that of the electron being about 
9x 10-% grams: the proton is about 1837 times as heavy. 
Neither the electron nor the proton is a strict mathematical 
point. One of the most important of the unsolved problems 
of electricity is the precise nature and size of these elementary 
particles ; it is usual to assign a radius to them of the order 
of 10-33 cms. Since we cannot measure any distances as 
small as this, it will be quite in order for us to regard our 
charges as points, and we shall therefore refer, when necessary, 
to point charges. 

Matter, as we understand it, consists of atoms: that is, 
of positive and negative charges associated together in small 
structures of about 10-* cms. diameter. The positive charge 
rests on the heavy part, or nucleus, of each atom, and the 
negative charge is in the form of electrons that move round 
the nucleus in much the same way as planets round the sun. 
The precise manner in which this motion takes place need 
not concern us, and belongs to atomic theory. All that we 
need to know is that their motion can be somewhat changed, 
so that the atom becomes distorted, if the right kind of 
external force is applied. Normal matter consists of neutral 
atoms, i.e. atoms in which there is no excess of positive or 
negative charge. In 1 c.c. of an ordinary solid there are 
about 1033 such atoms. (In diamond, for example, the 
number is 410%.) But some of the atoms may have too 
few, or too many, electrons to balance the positive nucleus, 
and then we have net positive or net negative charges present. 
A study of the forces that these exert on each other, or on 


PRELIMINARY SURVEY 3 


any neutral matter that may be present, forms the content 
of Chapters II-IV ; this may be said to represent the science 
of electrostatics proper. 

But this brings us to an important distinction. In the 
theory of electricity, in contrast with atomic physics, we are 
not primarily concerned with the forces exerted by one atom, 
or one electron, on another atom, since the forces and distances 
involved are far too small for us to measure individually in 
the laboratory. It is rather with the bulk effect, in which 
a large number of electrons and atoms are involved, that we 
shall be concerned. ‘Thus if the smallest mass we can 
conveniently measure is taken to be γί milligram, this would 
represent no less than 1033 electrons, or between 1018 and 10” 
atoms, depending on the substance we are using. The 
distinction that we are making is between the microscopic 
and macroscopic points of view. In the microscopic point 
of view we deal with individual atoms and electrons, which 
are the field of atomic physics and quantum theory. In the 
macroscopic point of view we average these forces over the 
large number of atoms in a tiny measurable volume ; for that 
purpose it is often quite fair to neglect the peculiar individual 
atomic and inter-atomic effects revealed in a microscopic 
survey. For example, just as we referred earlier to point- 
charges, thereby neglecting the internal structure of an 
electron or proton, so also for many purposes we shall neglect 
the atomicity, or “ graininess,” of matter itself. 

The question will now be asked: if we are not to take 
into account this detailed structure of matter, but are to use 
averages in which we have effectively smoothed it out to 
become homogeneous and continuous, what is the advantage 
of introducing the microscopic, or atomic, point of view at 
all? The answer is twofold. First, the microscopic view- 
point throws light on the fundamental physical processes ; 
this enables us to view our subject as one whole and means 
that we shall not have to introduce from time to time 
apparently unrelated physical assumptions, for we shall 
see how our macroscopic equations arise quite naturally 
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from simple microscopic properties of the atom and the 
electron. This is particularly important (see § 3) in discussing 
the relation between electric currents and magnetism. 
Secondly, the microscopic point of view prepares us for the 
more intimate detailed study of these atomic processes which 
is necessary if we are to understand fully the nature of our 
physical world. 


§2. Electric currents 


The study of electrostatics, or charges at rest, leads 
naturally to a study of electric currents, or charges in motion. 
The current may be caused by movement either of the positive 
or negative charges, or of both. Thus in a discharge tube 
positive ions (that is, atoms with an excess of positive charge) 
move in one direction, and electrons carrying a negative 
charge move in the opposite direction. It is possible by 
bending the beams magnetically to separate the two, and 
obtain a current composed solely of positive or negative 
charge. On the other hand, in metals, such as a copper 
wire, the charge is carried entirely by electrons. It makes 
no difference to our formulation of the laws of current flow, 
as we develop it in Chapter V, which type of carrier is 
bearing the charge, for in all cases the current is measured 
by the rate at which the charge flows, i.e. the net amount 
crossing unit area in unit time. The direction of the current 
is the direction in which the mean drift, or flow, of charge 
is taking place. 

The distinction which we made in §1 between micro- 
scopic and macroscopic measurement is important here. 
For on the microscopic point of view the charges are moving 
in all directions with all possible speeds; but on the macro- 
scopic point of view, in which we consider merely the average 
motion of the charges within a very small volume, we 
determine a mean drift velocity, the magnitude and direction 
of which measure the electric current. The situation is 
rather like the flow of gas down a tube. According to the 
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Kinetic Theory, the various particles of gas have all possible 
velocities in all directions; but the mean velocity lies along 
the direction of the tube, and for most purposes we may 
forget the random distribution of velocities and suppose 
that each particle of gas has, in fact, this mean “ drift ” 
velocity of flow down the tube. 

For purposes of discussing the flow of current all substances 
may be placed in one of two categories—insulators and 
conductors. An insulator (e.g. amber, glass, shellac) is a 
substance in which it is practically impossible to cause any 
current to flow. The explanation is simple, for in these 
substances all the negative charges (or electrons) are firmly 
attached to corresponding positive charges. As we cannot 
easily separate them it follows that no net flow of charge can 
take place. A conductor, on the other hand, is a substance 
in which a certain number of electrons (or negative charges) 
are easily separated from their associated positive charges, 
and one or both can move under the influence of a force of 
the right kind. Thus in metals, such as copper or tungsten, 
there are a certain number of electrons, called metallic, 
or free, or conduction electrons, which are able to flow 
freely through the material and give rise to the current, 
while the positive charges remain fixed. But in electrolytes, 
such as the dilute sulphuric acid in an ordinary accumulator, 
each particle, or molecule, of electrolyte spontaneously 
separates into positively and negatively charged parts which 
can move independently of each other. In the case of sul- 
phuric acid, protons move in one direction carrying a positive 
charge, and sulphate ions move in the opposite direction 
carrying a negative charge; the total current is the sum of 
these two separate currents. 


§ 3. Magnetism 


We have seen that a current may be measured by the 
quantity of charge flowing in unit time. This counting of 
charge, which is made with an electrometer, provides us with 
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an electrostatic measure of current, and the result would 
naturally be expressed in electrostatic units, gencrally 
abbreviated to e.s.u.; we shall have more to say about 
these units later. But there is another entirely different 
way of measuring current; for when charges are flowing 
we discover a whole series of new phenomena, to which we 
give the name magnetism. In actual practice it is these 
magnetic, or more properly electromagnetic, effects that are 
most commonly used to measure currents, and in such cases 
our result will be expressed in electromagnetic units and written 
e.m.u. The same current may be measured in both units, and 
the relation between them, or, which is the same, the ratio of 
the corresponding units, is a matter of prime importance. We 
shall see in Chapter XIII how Maxwell was able to use its 
known value to show that light waves were essentially an 
electromagnetic phenomenon. 

These magnetic effects, however, had been known in 
another connection for a very long time. Thus Lucretius 
mentions that certain mineral ores such as loadstone have 
the power of attracting small pieces of iron placed near 
them, and one of the earliest attempts at a perpetual motion 
machine makes use of this attraction. These forces were 
called magnetic forces, and the attracting materials were 
called permanent magnets. From this beginning there 
developed, quite independently of electrostatics, the science 
of magnetism, the study of which gained great importance 
when it was realised that the earth itself behaved like a 
large permanent magnet. It was the discovery of Oersted 
(1820) and Faraday (1831), that the same magnetic effects 
are produced by currents as by permanent magnets, which 
related the two hitherto distinct sciences. If electric currents 
are able to produce the same effects as permanent magnets 
it is natural to enquire whether the so-called permanent 
magnetism may not be due to currents of some form or other ; 
and indeed it was not long before Ampére proposed the 
hypothesis that each elementary constituent of matter 
(as we should say, each atom) was really a minute electric 
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current. This hypothesis is now accepted. If we go back 
to our earlier discussion of the atom we can soon see how 
this comes about, and what is the nature of Ampére’s minute 
currents. We have seen that in an atom electrons move 
in orbits round the central nucleus; we have also seen that 
when charges move there is an electric current flowing. 
Combining these two facts it follows that in each atom there 
are indeed tiny electric currents. It may happen—and in 
fact very often does—that in each atom there are pairs of 
electrons moving in opposite directions, and in such a case 
the atomic currents cancel so that the atom is not a permanent 
magnet. It may equally well happen that although each 
atom is itself magnetic, these magnets are arranged in a 
given block of material in random directions; then again 
the substance is not a permanent magnet. But it may be 
that a majority of these tiny currents are oriented in the 
same direction, and then we do have a permanent magnet. 
In the case of substances which are not permanent magnets 
it is possible, by using the right kind of force, to alter the 
orbits of the electrons and in this way we may induce a 
temporary magnetism which vanishes when the disturbing 
force is removed. This is the phenomenon of induced 
magnetism. Thus the difference between substances which 
are or are not permanent magnets is not that they are made 
of essentially different material, but rather that with 
permanent magnets we have no way (or at any rate no 
simple way) of destroying the co-operative effect of the 
separate atoms, whereas with non-permanent magnets this 
co-operation is solely the result of forces exerted from outside, 
and automatically disappears when the force is removed.* 
Our study of the magnetic effects of currents and the 


* We have spoken of an electron in its orbit as being equivalent to 
&minute current. But there is another type of current, known to atomic 
Physicists as spin, e.g. electron-spin or nuclear-spin, which we have 
not mentioned. It is good enough for our purposes to regard this as 
& flow of current inside a single electron or nucleus, giving rise to 
magnetic effects which may or may not average out to zero, similarly 
© the electron orbits previously described. 
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properties of permanent magnets occupies Chapters VI-VIII. 
In olden days, following the historical sequence that we have 
already indicated, it was usual to develop the subject of 
magnetism quite separately from electrostatics, starting 
from the existence of permanent magnets. The two subjects 
were finally united through the phenomena of electro- 
magnetism, rather in the way that the lintel of a door rests 
upon and links together the two door-posts. But we shall 
find it best to proceed from the electrostatic properties of 
currents to their electromagnetic properties, and this will 
then lead us naturally to our discussion of permanent 
magnetism. The great advantage of such a procedure is that 
every part of our scheme is immediately related to and 
follows from our knowledge of the structure of the atom, as 
we have indicated earlier in this section. 

It turns out that there is a close parallelism between the 
laws of electrostatics and magnetism, so that the same type 
of mathematical analysis can be employed to solve problems 
in either field. We therefore break off, in Chapters IX and X, 
to discuss in detail a selected number of such problems, 
and to illustrate the technique required in their solution. 


§ 4, Electrodynamics 


We have so far been mainly concerned with steady currents. 
When currents do not remain constant we have to distinguish 
two cases, depending on whether the change is slow (known 
as quasi-steady currents) or rapid. In the first of these, 
associated particularly with Lenz and Faraday, we discover 
that if by any means we try to change the current flowing 
in any circuit then our apparatus behaves as if it were trying 
to prevent such change, i.e. it sets up new systems of currents 
whose effect, by themselves, is to counteract the original 
change. This is the phenomenon of electromagnetic 
induction which, in its developed form, underlies all the 
construction of dynamos, transformers and electric motors. 
Chapter XI is devoted to a study of these quasi-steady 
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currents in general terms. Chapter XII outlines some of the 
extremely important applications of induction in the alter- 
nating current theory of electrical circuits. This is part of 
the whole field of wireless telegraphy. 

We have by this time brought most of the common 
electric effects within the power of our equations, but not 
all. It was the peculiar genius of Maxwell that he recognised 
a previous omission. We have seen that under certain 
circumstances an atom may be deformed so that the positive 
and negative charges are slightly separated. While this 
separation is taking place there is a very small flow of charge, 
i.e. a small current. If the change is extremely rapid and 
the negative charge fluctuates from one side to the other 
of the positive charge then an oscillating current may be 
said to flow. This is one part of Maxwell’s Displacement 
Current, and we shall see in Chapter XIII that although for 
quasi-steady or steady systems this new term is not effective, 
for sufficiently rapidly varying currents it often becomes 
dominant. When it is included we are led to formulate the 
general equations of the electromagnetic field, usually known 
as Maxwell’s Equations. It is upon these equations that all 
later development rests. These equations show for the first 
time the possibility of electromagnetic waves, and by 
comparison with the velocity of light we infer that light 
itself is an electromagnetic phenomenon. A whole new 
field of experience, including such diverse phenomena as the 
laws of reflection and refraction and the energy radiated 
from aerials is brought within our scope. The equations 
themselves reveal a surprising symmetry with respect to 
electrostatic and magnetic effects. We have seen that 
electric charges in motion produce the same effect as magnets 
at rest; it now appears that magnets in motion produce 
the same result as charges at rest. The link between electro- 
statics and magnetism is not only that the mathematical 
technique is the same for both; rather this latter fact is itself 
the expression of an organic unity—they are both parts of 
the complete study of electrodynamics. 
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This is about as far as our macroscopic theories can 
profitably carry us. Further progress depends upon a more 
detailed study of microscopic, or atomic, properties. Such 
studies have been made, but they introduce us to two 
essentially new ideas—the quantum theory and the wave 
nature of matter. As such they are outside the scope of 
this book. 


CHAPTER II 
ELECTROSTATICS 


§ 5. Law of Force 


Tue study of electrostatics is based primarily upon the 
experiments of Cavendish using a charged sphere, and of 
Coulomb using a torsion balance. These show that if two 
charges e, and e, are a distance r apart in vacuo the force 
between them is proportional to e,e,/r*. If the charges are 
of like sign the force is repulsive ; if different, it is attractive. 
This is known as the Electrostatic Inverse Square Law. 

It is impossible to prove that the law of force is exactly 
that of the inverse square. The original experiments of 
Cavendish showed that if the force was proportional to 1/r", 
then πὶ lay between 2+- 0-02. Recent researches show us that 
n lies between 2-+- 10-®. We may therefore use the inverse 
square law with complete confidence, provided that we do 
not apply it in conditions where the dimensions differ 
essentially from those under which it has been determined. 
At distances comparable with the radius of the electron 
(10-13 ems.) we cannot be sure that the law will still hold. 
Since our interest lies in macroscopic rather than microscopic 
electrical properties, we shall be safe in accepting the validity 
of the law throughout this book. 

The o.g.s, electrostatic unit of charge (e.s.u.) is defined 
to be such that the force is exactly equal to e¢,e,/r* dynes 
when r is measured in cms. Two unit charges repel 
each other with a force of 1 dyne at a distance of 1 cm. 
tn vacuo. The question of the force in other media is left 
till Chapter IV. 
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§ 6. Potential and field for a single charge 


If a unit charge is placed at some point P in the presence 
of a series of given fixed charges, it will in general experience 
aforee. This force is defined to be the electrostatic field, 
or simply the electric field, at P. Since it has magnitude 
as well as direction the field is a vector quantity, denoted by 
E,* with components Z,, H,, H,. The field E is of course 
quite independent of the unit charge at P, which is simply 
used to test and measure it. 

Coulomb’s law enables us to calculate the electric field 
due to a single point charge e at O (Fig. 1). For if OP =r, 
a unit charge at P will experience a force e/r? along the line 
ΟΡ. The field at P is therefore of magnitude e/r? and in the 
direction OP. If r denotes the vector OP, we can write 

er 


Bese ere em ΚΑ @ 


Now let us suppose that the unit test charge is moved from 
A to B (Fig. 2) still under the influence of the fixed charge 


Fia. 1 


eat O. Let us calculate the work that is done in this process. 

In going a distance ds from P to ᾧ the field exerts a force 
E, and therefore does work 

é e dr 

E.ds = = ds cos θ -- = 


* Clarendon type will always be used to denote vector quantities. 
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where @ is the angle between OP and PQ. The total work 
done by the field in moving the charge from A to B is therefore 


Bedr ὁ 


Ae a Ta TR 


It is often more convenient to think of the work we do 
against the field rather than of the work done by the field. 
Thus 

Γ 


work we do = —work done by field = Sse ety (2) 
Tp ΤΑ 


Notice that this depends only on the positions of A and B 
and not on the path connecting them. All paths from A to B 
involve us in the same expenditure of work. If this were not 
so, and there was a certain path 1 which involved us in 
doing less work than another path 2, then by going out 
along 1 and back along 2 we should recover more work 
along 2 than we had expended along 1. By continuing this 
process we could obtain an indefinite amount of work or 
energy. We know that this is impossible in all natural 
phenomena, in which the fields of force are said to be 
conservative. 

The quantity occurring on the right of equation (2) is 
called the difference of potential between A and B, 
and is written V,—V,. Thus the difference of potential 
between two points represents the work we have to do to 
move a unit test charge from the one to the other. We 
generally define the absolute value of the potential at a 
point by the condition that if A is at infinity V,=—0. Vz, 
then represents the work we do in bringing unit charge from 
infinity to B. From (2) we see that Vz =e/rz. Dropping 
the suffixes we may write for the potential due to a charge e: 


V =e/r. . : : . (3) 


If our test charge has magnitude e’ instead of unity, 
Coulomb’s law shows that the force on it is merely multiplied 
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by e’; therefore the work we do from A to B is also multiplied 
by e’, and may be written : 


Work we do from A to B = e’ (Vz —V 4). ‘ . (4) 


We can obtain a very important formula by considering 
the difference of potential dV between P and Q in Fig. 2. 
Thus 

dV = Va—Vp 
= work we do on unit charge from P to Q 
= —work done by field 
= —E,ds * * ‘ ΓῚ . ᾿ (δ) 


In Cartesian co-ordinates this becomes 
dV = —(E,dzx+E jly+Hdz), ο . . (6) 
leading to the important relations 
B, = — 2, 8,=-F.8,=-. ; . (7 
These are conveniently summarised in the vector equation 
E=-—grad V=—VV. . . . (8) 


It is sometimes convenient to write (5) in the integrated form 


B 
ΚΤ, -- -- [8.69 ον git yl 


§'7. Field due to several charges 


The torsion balance experiments of Coulomb show two 
other extremely important facts. The first is that both 
the field and the potential are proportional to the charge e 
which causes them; thus if we double e we also double V 
and E. This is indeed implicit in our formulation of the 
law of force. The second fact is that if instead of one charge 
ὁ we have two or more distinct charges, then their effects 
on any other charge are simply additive. Thus two fixed 
charges e, and e, exert on a third charge e whose distances 
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from them are r, and r, a force equal to the sum of the two 
forces ee,/r,2 and δος γα added vectorially in the usual manner 
for forces. These two facts constitute the principle of 
superposition, which states that for any given system of 
charges, the final force and potential are the same as if 
we simply superposed the separate forces and potentials. It 
follows that our discussion, at the end of the last section, of 
the potential V and field E due to a single charge can be 
applied to a system of several charges 61, €,.... In fact, 
V still represents the work we do in bringing unit charge 
from infinity to any point, and E is the force on the unit 
charge. Equations (5) to (9) are valid just as they stand, 
and if V;, Ve, ... are the potentials due to each separate 
charge, 


Ῥω VEER, δο =2- 7. 
Similarly 
Ba Bites. =25 Sad BPC ieee 


r is, of course, the vector from one of the given charges to 
the point at which E is required. 

We can always investigate the field due to a set of charges 
by putting a small charge e’ at various points. The foree on 
it is e’E, from which we determine the magnitude and 
direction of E. We sometimes refer to this operation as 
mapping, or exploring, the field; the charge e’ is called 
the test charge. Having found E we can get V from 
the equation E = —grad V, or we can measure V directly 
by the work e’V required to bring the test charge from a 
long distance away to the chosen point. 

In mathematical problems it is nearly always preferable 
to use V rather than E. This is because V is a scalar quantity 
whereas E is a vector quantity, and calculations with vectors 
are usually more involved than with scalars. 

It sometimes happens that our fixed charges are not all 
Separate and distinct, but that they are distributed through 
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a given volume or on given surfaces. We speak of a volume 
density p if the charge in volume dv is p dv; and of surface 
density o if the charge on an element of surface dS is o d8. 
It is quite obvious that the appropriate modification of (10) 
that deals with volume and surface distributions is 


y= [PO Ὁ τὴς fant sega 
r r 


If p and o are known this gives us a way of calculating 
V. Since E= —grad V, we soon get E also. Unfortunately, 
apart from a few special cases, the integration is usually 
very difficult. 


§ 8. Equipotentials and Lines of Force 


According to (10) and (12) at any point P there is a 
definite value for the potential. Consider all points for which 
the potential has the same value V. As a rule these will lie 
on a surface. We call this an equipotential surface. By 
choosing different values of V we obtain a whole series of 
equipotential surfaces, or simply, equipotentials. Since each 
point can have only one potential, there is one and only one 
equipotential through any point P, If the potential at any 
point (#, y, z) is given by the function V(x, y, z), then the 
family, or system, of equipotentials has the equation 


V(x, y, z) = constant ν . (13) 


By taking different numerical values for the constant we — 


obtain all the various members of the system of surfaces. 


Let us take the special case of a solitary charge 6 at the 


origin. Then according to (3) the potential is e/r, so that the 
equipotentials are the surfaces e/r = constant, i.e. concentric 
spheres around the origin. 

Similarly if we take the case of two separate charges δ. 


and e,, the potential at a point distant r, and r, from the — 
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charges is ¢,/r,+-¢,/r,. The equipotential surfaces are there- 
fore obtained by rotating the set of Cassini ovals 


2.4. © —_ constant 
mr ἔμ 


about the line joining the two charges. 
The normal at any point on the equipotential surface 
V(x, y, 2) = constant, will have direction cosines proportional 


eV aV av δ᾽ 
— ee But from (7) 2, = —=, ete. so the 
aV aV aV 
direction cosines of E are also proportional to — = by’ =~ 


We deduce the important theorem that the direction of E 
at any point is normal to the equipotential surface through 
that point. 

This last theorem suggests a new way of mapping the 
field E. Suppose we draw a set of lines, which will usually 
be curved, such that at any point on one of these lines the 
direction of E coincides with the tangent to the line at this 
point. These lines are known as field lines, or lines of 
force. Through any given point there is usually just one 
line of force, and the set of lines so obtained are the orthogonal 
trajectories of the equipotential surfaces; that is, every 
field line cuts every equipotential surface at right angles. 

We can soon write down the differential equations of the 
lines of force. Since the direction of the line is the same as 
the direction of Ἐξ, the lines must be defined by dz: dy: dz = 
By: 8th. Ue 


i arts σα νὰ 


In the particular case of a solitary charge at a point O, the 
lines of force are evidently radii drawn from O in all diree- 
tions. There is one and only one radius through any point, 
and these lines all cut the equipotentials, which are concentric 
spheres around O, at right angles. 

B 
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We can give another interpretation of lines of force. For 
if a charge 6 is placed at a point where the field is ἘΣ, it will 
experience a force eE. If we release it from rest it will start 
to move in the direction of the force, that is, of E, which is 
along the line of force. On account of its mass and momentum, 
however, it does not follow that the charge will continue to 
move along the line of force as it gathers speed. 

Further, since the direction of E is along the line of force, 
the fundamental equation E = —grad V may be written 


we 


κ᾽ 09 


where = denotes differentiation along the line of force. 


This equation also shows us that the positive direction of a 
line of force is the one in which V decreases. As we proceed 
along any particular line of force the potential continually 
falls. 


Next let us take any small closed contour C (Fig. 3), 
and draw the lines of force that pass through every point of 
C. These lines form a thin tube whose 

cross-section may vary along its length, 

but whose generators at any point are all 

effectively parallel. Following Faraday 

ὃ we call this a tube of force, and define 

the strength of a tube as the product 

Fia. 3 of the magnitude of E and the normal 
sectional area. As we shall see shortly, 

the strength of a tube remains constant all along its 
length. A unit tube is one whose strength is unity. Tubes 
of force, like lines of force, are everywhere parallel to the 
direction of E, and the potential falls continuously as we 
proceed in the positive direction along them. Two lines 
of force, or two tubes of force, can never meet, for that 
would involve two distinct directions of E at the common 
point. An apparent exception to this rule is where E = 0, 
since at such points (14) shows that dz:dy:dz is in- 
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determinate, so that the field lines themselves are 
indeterminate. If E=0O at a point P, it means that a 
charge placed at P would experience no resultant force, 
and would therefore be in equilibrium. For this reason 
we refer to such points as neutral points, or points of 
θ rium of the field. (See § 12, Ques. 5.) 


§ 9. Flux 


It follows from our definition of tube strength that the 
number of unit tubes crossing any small area dS drawn 
perpendicular to the field is #dS. IfdS is represented by the 
vector dS, this can be written E.dS, a formula which holds 
equally well even if dS is not normal to the field. The 
expression E.dS occurs quite frequently, and is called the 
flux of E across dS. If we have a larger surface S, bounded 
by a closed curve C, we may subdivide § into small elements 
dS§; then, by summing the contributions from each element 
we calculate the total flux across 8S. Clearly 


fux of E across 8 = | E.as : . . (16) 


If the surface S is a closed surface, we speak of the flux of 
E out of, or into, 8. If the direction of dS is that of the 
outward normal, then 


fux of E out of 8 = | E.as " ὰ . 0} 


In (16) the integration is over an open surface, in (17) 
it is over a closed surface. These two formule represent the 
total number of unit tubes of E crossing the open surface 
bounded by ©, and emerging from the closed surface S, 
respectively. 

Let us consider more closely the flux of E across a given 
surface § (Fig. 4) when the field arises from a single charge 
e at O, 


—- 
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Then if @ is the angle between an element dS and the field E, 


E.dS = E dS cos θ = <d8 cos θ =edw, 


where dw is the element of solid angle subtended at O by the 
surface element dS. It follows from (16) that the flux of E 
across the whole surface S is |edw, or simply ew, where ὦ 


is the solid angle subtended at O by the boundary curve C. 


If the surface S is a closed surface surrounding O, then 
w = 4π, so that the flux of E out of any closed surface 
completely surrounding a charge e is πε. This can be 
expressed by saying that 47e unit tubes of force leave any 
charge 6; or alternatively that 47 unit tubes of force leave 
unit charge. 

If the surface S is a closed surface not surrounding ὦ, 
we may regard it (Fig. 5) as the limit of an open surface 
when the boundary curve C shrinks to zero. This shows 
that when the surface is closed, ὦ = 0, and hence that the 
flux out of any closed surface not containing the charge e 
18 Zero, 

It makes no difference to these conclusions if the surface S 
is re-entrant. 


§ 10. Gauss’ Law 
This brings us to an extremely important result known 


as Gauss’ law. Suppose we have a series of charges 
€,, €,... and we draw a closed surface S which may 
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surround some or all of them. Then, since the principle of 
superposition shows that the total field E is the sum of the 
contributions from each separate charge, the same is true 
for the flux of E out of 3, We have just shown that charges 
outside S give no flux out of 3, and each charge inside gives 
a contribution πε. This proves Gauss’ law, that the total 
flux out of any closed surface S is equal to 47 times the total 
included charge. 

We have proved the law on the hypothesis that the 
charges are each distinct. But we may regard a volume 
distribution p as a series of discrete charges pdv, and hence the 
theorem is equally applicable in this case. Gauss’ law may 
be written : 


Gux of out of S = | E.dS = 47 xincluded charge . (18) 


Equation (18) takes a particularly simple form in any 
region where there are no concentrated point charges, but 


there is a volume distribution p. The included charge is | pdv, 


so that | E.as = der | piv But by Green’s theorem * 
[za = [ἀν E ὦν. 
So [ἀν E— ἀπρ)άυ = 0. 


This equation holds for any volume V, large or small, which 
implies that div E— 47p itself must be zero. Gauss’ law may 
therefore be written in the form 

ey My » OR, , OB, . 
* E.g. Rutherford, Vector Methods, 1946, p. 74. This important 


theorem is often called Gauss’ theorem; Gauss has historical precedence 
tn ite development. 
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If we combine (19) with the earlier equation (8) for the 
potential, and remember that 
ay ΘΒ} 88} 


di ἂἀ Κῦ' Ξ--.-. eee ἐπα, λον 
ΤΣ Poe ΤΩ ἜΒΑ 


=V*/, 
we obtain 
ΝΡ —div grad V=—= —divE=—47p . . (20) 
This equation is known as Poisson's Equation; in the 
particular case of zero charge density (p= 0) it becomes 
Laplace's Equation: 
VV=0 . ‘ ‘ . (31) 
Equations (20) and (21) are alternative expressions, in 
the form of a differential equation, of Gauss’ law; our 
method of deriving this equation in p. 21 showed that it 
depended only on the validity of the inverse square law and 
the principle of superposition. We may therefore say that 
(20) and (21) are equivalent to a statement that the law of 
force between charges is the inverse square, and that electric 
fields and potentials are additive. 
The appropriate solution of (20) has already been obtained ; 
it is, of course, equation (12). 


§ 11. Deductions from Gauss’ Law 


One immediate deduction from (18) is that the potential 
cannot have a maximum or minimum value except at points 
where there is a positive or negative charge respectively. 
For let the potential have a maximum at some point P. 
Then V decreases in all directions away from P, so that if 
we draw a small sphere with centre at P, the lines of E cross 
this surface everywhere from inside to outside. Thus the flux 
of E out of the surface is necessarily positive, showing from 
(18) that there must be an included positive charge. However 
small the sphere, there is still charge inside it; this charge 
must therefore be at P, proving our theorem. A similar 
argument applies to minimum values of the potential. It 
does not follow from the above argument that the charge is 
necessarily a concentrated point charge at P. The conditions 
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are equally well satisfied by a charge cloud in which the density 
at P is not zero. For at a point where V is a maximum (but 
not infinite) 6° V /éx*, 6°V /dy*, 65 V /éz* must all be negative. So 
V?V is negative, and hence, from (20) p is positive. 

It also follows that a freely movable charge cannot be in 
stable equilibrium at a point unoccupied by charge. For 
with a given system of fixed charges, the potential energy 
of a movable charge e is eV. Stable equilibrium of e at some 
point P implies that eV is a minimum at P, and we have just 
seen that this is impossible unless there is charge at P. This 
is Earnshaw’s Theorem: its importance lies in the fact 
that it shows that no purely stationary system of charges 
can be in stable equilibrium under their own influence. 
Hence if our electrical forces hold unchanged in the region of 
atomic dimensions, it follows that the electrons in an atom 
or molecule can never be at rest; in fact atoms must be in 
dynamical rather than statical equilibrium. 

Another deduction from Gauss’ law is that tubes of 
force can only begin or end on charges. For suppose a tube of 
force begins at a point P. Then if we surround P by a small 
closed surface, there will be more tubes leaving this surface 
outwards than there are entering it inwards. This means 
that there is a net flux of E out of the surface, and hence, 
from (18), that there is a positive charge at P. In a similar 
way tubes of force can only end on negative charge. 

It is now possible to provide the proof of our statement 
in §8, that the strength of a tube of force remains constant 
along its length. To prove this, consider (Fig. 6) a tube of force 
with two normal sections dS, and dS, represented vectorially 
by dS, and dS, across which the fields are ἘΠ and E,. 
As the tube does not either begin or end between dS, and dS, 
there is no charge included in the closed surface formed by 
dS,, dS, and the lines of force which form the generators of 
the tube. Hence there is no net flux of E out of this surface. 
No tubes can cross the curved boundary since this surface 
is itself the boundary of a tube, and hence the flux 
across dS, equals the flux across dS, This means that 
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E,.dS, = E,.dS,. But by definition E.dS is the strength 
of a tube, so that the strength does remain constant along 
its length. 

As another example of the use of Gauss’ law, let us 
consider the field due to an infinite layer of charge, with 
constant density o, lying on the plane ABCD (Fig. 74). In 
the first place, by symmetry, the lines of force are everywhere 
directed normally away from the layer of charge. Consider, 


therefore, the flux of E out of the right cylinder PQR, whose 
generators are all perpendicular to ABCD, and whose section 
is dS, Then, in the notation of the figure, the flux of E 
out of the end Καὶ is £.dS, and out of the end P is Z,dS. There 
is no flux out across the curved surface, and the tota) included 
charge is odS. So Gauss’ law (18) tells us that 


i.e. E, +H, = 4πσ. 


This equation is valid whatever the distances PQ, QR. So 
we have proved that the field is everywhere constant in 
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magnitude and directed away from the layer of charge. If 
there are no other charges present, then by symmetry 2, = Z,, 
so that 

EH, = ΕἸ, το πο. ; . (22) 


Surfaces such as the above cylinder PQR, which we 
introduce and to which we apply Gauss’ law are often 
called Gaussian surfaces. They are, of course, surfaces 
in a geometrical, and not a material, sense. 

Lastly, let us consider the equations of the lines of force 
when there is a series of collinear charges e,,@., . . . €,. Let 
PQ (Fig. 78) be an element of a line of force. Then since the 
field must have cylindrical symmetry about the line of 
charges, we can rotate PQ about this line and form a closed 
surface such that no lines of force cross its curved part. 
Consequently the flux of E across the plane circle at P is 
the same as that across the plane circle at Q. According to 
§ 9 the total flux from left to right across P is e¢,w, +e,w.+- 

., Wherew,,.. . are the solid angles subtended ate,, .. . 
by the circle. But w, = 27(1—cos 6@,), and so the function 
22me(1—cos @) has the same value at P and at 6. Now 22ze 
is constant, and so the lines of force are defined by the 
equation 

Zecos@=constant . . : . (23) 


We have assumed in the above argument that none of the 
charges @,,... lie between the sections P and Q. We 
leave it as an exercise to the reader to show that the equation 
is unaffected if this restriction is removed, so that (23) defines 
the lines of force along their whole length. 


§ 12. Examples 


1. Draw a rough diagram of the lines of force for systems 
consisting of a charge 26 at the origin and either +e at some other 
point. Show that in either case there is just one neutral point, 
and that with 2e and —e the lines of force which separate those 
lines that go from 2e to infinity from those that go to —e leave 
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the positive charge at right angles to the line joining the charges, 
Sketch the equipotential surfaces. 

2. Obtain an alternative proof of equation (23) which gives 
the lines of force for a system of collinear charges, as follows. 
Let P and Q be two adjacent points along a certain line of force ; 


then the direction of the field at P is PQ. Write down the 


condition that there is no resultant field perpendicular to PQ 
and show that this is equivalent to the relation δ΄ Σ8 cos 87 = 0. 
Deduce (23). 

3. Two charges of opposite sign are placed in given positions. 
Show that the equipotential surface for which V = 0 is spherical, 


whatever numerical values the charges may have. Discuss the 


apparently exceptional case when the two charges are equal in 
magnitude. 

4. A particle whose charge is —e and whose mass is m is free 
to move in the plane of the paper. There is also a fixed charge 
Ze at the origin. Show that if the only force acting on the 
moving charge is the electrostatic attraction of the fixed charge, 
then it may describe a circle of any chosen radius r about the 
origin, provided that its velocity v satisfies the equation mv? = 
Ze*/r. (This result is important in Bohr’s theory of the atom.) 

5. The point (a, ὃ, c) is a point of equilibrium in a given fixed 
system of charges, and there is no charge at this point. Expand 
V in powers of x —a, y—b, z—c and deduce that in the neighbour- 
hood of (a, 6, c) the equipotential surface through this point 
is in general a cone of the second degree on which it is possible 
to find three mutually perpendicular generators. 

6. A and B are two equal charges +e fixed at the points 
(+a, 0,0). A third charge —e of mass m revolves around the 
«© axis under the influence of its attraction to A and B. Show 
that if it describes a circle of radius r, its velocity v is given by 

mv® = 2e%r/(r2-+-a)8, 
(This was an early model for the motion of an electron in some 
simple molecules.) 

7. Equal charges +e are fixed at the four corners of a square 
of side 4/2a. A fifth charge -+-e, whose mass is m, is now placed 
at the centre of the square and is free to move. Show that it is 
in equilibrium at this point, and that the equilibrium is stable for 
all small displacements in the plane of the charges, the period of 
small oscillations in any direction in this plane being 14/(2ma*/e*), 
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but that it is unstable with respect to motion perpendicular to 
the plane. 

8. Electric charge is distributed on an infinite plane surface 
so that the surface density is σ. P is a point distant a from the 
plane, and dS is an element of surface whose distance from P 
is r. Prove that the electric field at P has a component away 
from the plane equal to [ aoasyrs, If ¢ is constant, show that 
this gives a value 2πσ, and deduce that in such a case one half 
of the field arises from those points of the plane that are less 
than 2a from P. 

9. A certain distribution of electric charge is spherically 
symmetrical about the origin, and the total charge inside a 
sphere of radius ris Q(7). Prove that the potential V(r) is given by 


| 
Q(r) 
V(r) => ἢ "ἢ dr. 
Show that this may be written in the alternative form 
i 
Vir) = +f serpy, 
r 


where p(r) is the density of charge at distance r from the origin, 

10, A fixed circle is drawn of radius a and a charge e is placed 
at a distance 3a/4 from the centre of the circle on a line through 
the centre perpendicular to the plane of the circle. Show that 
the flux of E through the circle is 4ze/5. If a second charge 
δ΄ is similarly placed at a distance 5a/12 on the opposite side 
of the circle, and there is no net flux through the circle, prove 
that δ΄ = 13¢/20. 

11. Show that at all finite distances from an infinite plane 
charged on each side with uniform surface density σ, the electric 
field is of constant magnitude 4zc. 

12. Use Gauss’ flux theorem to show that there is a change 
ἐπα in the normal component of E on crossing a layer of charge 
of density ¢. Deduce that if a line of force crosses a positive layer 
of charge it is refracted towards the normal. 

13. Obtain the result (22) for the field due to an infinite 
Plane layer of charge σ by direct summation of the contribution 
from each element, as in (11). 


28 ELECTRICITY 


14, Electric charge is distributed with constant density o 
on the surface of a disc of radius a. Show that the potential 
at distance z away from the disc along the axis of symmetry is 
2ro{+/(a*+2*)—2x}. Deduce the value of the electric field, and 
then, by making α tend to infinity, reproduce the result (22) 
for the field due to an infinite layer of charge. 

15. Electric charge is distributed at constant density ¢ per 
unit length of an infinite straight line. (This is known as a line 
charge of strength 6.) Apply Gauss’ law to a cylinder of unit 
length and radius r coaxial with the straight line and deduce 
that the intensity Εἰ at distance r from the line is 2e/r. Show 
that the potential is —2elogr ++ constant. Why is it not 
possible, without more information, to determine the constant ? 

16. A system of discrete charges is such that the total charge 
is g and the position of the centroid of charge is G. FP is a point 
at large distance r away from G. By expanding the potential in 
powers of 1/r, show that 


A+B+0—3I 
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Vp = : oy 
A, B, CO are the second moments (moments of inertia) of the 
charges about any three icular axes at G, and J is their 
second moment about the line GP. (This formula is sometimes 
known as MacCullagh’s formula, and is useful in astronomical 
problems.) 
Deduce that at large distances from the charges the equi- 
potential surfaces are effectively concentric spheres with centre @, 
17. Two given distributions of charge are separated by a 
large distance. Their respective centroids are at Οἱ and @’, and 
their total charges are gq and gq’. A, B, C, I are the second 
moments of the first system of charges about three perpendicular 
axes through G and about GG’ respectively. A similar inter- 
pretation holds for A’, B’, OC’, I’. By using the result of the 
previous question, or otherwise, show that the mutual potential 
energy existing between the two systems is 


qq q{A+B+O0—31}+9{4'+B'+0'—31'} 
Rt ; 2R3 


where # is the length GQ’, 


Tees 


CHAPTER ΠῚ 
CONDUCTORS, DIPOLES AND CONDENSERS 


813, Conductors 


Gauss’ law enables us very easily to obtain certain pro- 
perties of the charge distribution in conductors. We 
remember that a conductor is a substance in which there 
is no resistance to the movement of charge. Hence if there is 
any charge at a point inside a conductor there cannot at the 
same time be any field at that point ; for if there was a field 
there would be a corresponding force on the charge and it 
would move in the direction of the field. Actually we can 
soon show that there cannot be any charge at rest inside 
the conductor. For div E = 4p (δ 10 eq. 19); therefore if 
p * 0, we conclude that div E # 0. Thus ἘΣ is not zero and 
the hypothetical distribution of charge would move in the 
direction of E. We conclude that if a conductor is charged 
and no current is flowing, the charge is all on the surface. 

Furthermore, the surface of the conductor must be at 
the same potential everywhere; if it were not so, charges 
would flow from the places of high potential to those of 
low potential: this would continue till the whole of the 
surface was at the same potential. 

In this condition there can be no tubes of force inside 
the conductor ; if there were, since there is no charge inside, 
the tubes would have to start and end on the surface. This 
is impossible because the potential continually falls along 
a tube of force and we have just shown that the potential 
is the same at all points of the surface. Since there are no 
tubes of force inside, there is no field inside. So E=0O 

29 
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inside a conductor, and the potential has the same constant 
value at all points of the conductor. 

Since the surface of the conductor is an equipotential, it 
follows that the direction of the field just outside the surface 
is perpendicular to the surface, ie. the lines of force leave 
the surface normally. Thus if HZ, is the component of E 
in any direction tangential to the surface 


oe. oto) ae 


The normal component Z£, may be calculated in terms of 
the surface charge density o by applying Gauss’ law to 
a small cylinder (Fig. 8) with cross-section dS, whose 
generators are perpendicular to the surface, and one of whose 
ends dS, is just below, and the other dS, just above, the 
surface. The total charge inside this cylinder is odS. There 


ἐν : = μ Γ 4 
COonovc TOR 
ἘΞ a ae τὰ 


Fic. 8 Fia. 9 


is no flux of E across dS,, or out of the sides of the cylinder, 
so that the total flux of E out of volume is #,d8,. Hence, 
by Gauss’ law H,dS, = 4nodS. Now dS, = dS, =dS, so 
that 

Boater ΕΝ 


This is Coulomb’s law; if rs denotes differentiation along 


the outward normal to the conductor, it may be written 


aV | 
in = --άπο. ® Γ . (9) 
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There is another interesting way in which this result 
may be obtained. We do this by comparing two different 
formule for V. In §7 eq. (12) we obtained V by direct 
summation, and in § 10 eq. (20) we obtained a differential 
equation for V. Let us now solve this equation and compare 
the two results. 

Consider a series of charged conductors S,, S,, . . . shown 
shaded in Fig. 9. Let V denote the potential in this system, 
V,, V. . . - being the values of V on S,,8,, . .. Any point 
charges that may be present are to be regarded as very 
small conductors. Let P be any point outside the conductors ; 
surround P by an extremely small sphere 2. 

In order to solve the equation V*7V = —4mp, we make use 
of Green’s Theorem.* In its simplest form this states that 
if a is any well-behaved field-vector, then 


div a de = [ a.as = {«,d8, ° . (4) 
() (8) 
where S is any closed surface enclosing a volume v. If we put 


a = φ, grad d.—¢y grad dy, 


where ¢, and ¢, are any two arbitrary scalar functions, this 
takes the form Ὁ more suited to our purposes, 


[ων όσον (οὔ) (ὦ 


Now put ¢, Ξε l/r, where r is measured from P, and put 
¢, = V, so that Vd. =0, and Vd, = —4zp. Take the 
volume v to be all space between S,, S,, ...2 and the 
sphere at infinity. The left-hand side of (5) becomes simply 


tn 2 . The right-hand side involves integrations over 
$,, S,, . . . 2, and the sphere at infinity in which = denotes 


* Rutherford, Vector Methods, 1946, p. 74. But Rutherford uses 


ds where we use d&. 


1 Rutherford, p. 76. 
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differentiation out of v, i.ec., out of the sphere at infinity and 
into the surfaces 8, 8 ἃ" 

Since ¢,—-0 at large distances, a simple consideration of 
orders of magnitude shows that the contribution from the 
sphere at infinity is zero. 

To calculate the contribution from 2 we may put ¢, = Vp 


ὃ ὃ 
in the first term and treat it as a constant. Also xo ae 


and dS = rdw. This gives {{ Vp+r =) If we let the 


radius of X tend to zero this integral becomes 47 V p. 
The contribution from 8: is obtained by putting ¢, = V,, 


and noting that Pr 4 2 7) 03 6, where @ is the angle 
between the radius from P and the inward normal to 4. 


There are two terms; the first one is 


νι ar ds = τὶ [ dw = 0, 


since P is outside S,. The second term is -[Ξ —, in which 


a denotes differentiation along the outward normal to v, © 


ὃ 
i.e. the inward normal to &,. This can be written + [7 αὶ es 


where i now denotes differentiation along the outward 


on 
normal to §;. 
Collecting all the terms ae we write (5) in the form 
__ [pdv éV dS 
Vp - ae τὴς = on rT Γ - Γ (θα) 


The last integral represents integration over the surfaces of 
all the conductors S,,8,,.. . This formula may be regarded 
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as the formal solution of Poisson’s equation. If we compare 
it with the known formula 


ἀτ τα [+ ae = 


we see at once tha ad = --ὀπο at the surface of any charged 
conductor. This is the proof of Coulomb’s law (2). 


§14. Mechanical force on a _ charged conducting 
surface 


Since there is a field at the surface of a charged conductor 
the charge on this surface will experience a force; this force, 
like the field itself, will be everywhere normal to the surface. 
To caleulate it we must consider in rather more detail the 
way in which the field changes from zero just inside the 
conductor to 470 just outside. Hitherto we have supposed 
this change to take place discontinuously ; in fact, of course, 
the electric charge on the surface will occupy a very thin 
layer (see Fig. 10) of width t, which is of the order of a few 
atomic diameters. 


at suneace E = 4770 


Faee Seace | Ρ 
tes POT) Le at eee Ee +o 


ΣΙ 
ΣΟ Ὁ ΤῸ ὕες οἱ ἶ 
5. 7: ΖΞ μδροεζ τὼ , 
SIDE Bn 0 ctor [@ 
Fia. 10 Fie. 11 


Suppose that at distance from the conductor the density 
of charge is p and the field ἘΞ. Then from Poisson’s equation, 
since E is normal to the conductor 


map + Came ll 


Now consider the charge at different distances inside a small 
σ 
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eylinder of unit cross section shown dotted in Fig. 10. The 
amount of charge between the planes x, x-+-dx is pdx. The 
force on this charge is 

1 _,dE 
Epdz = — EF — 1 
pdx z,2 = dz, by (7) 


Thus the total force on the charge in this cylinder is 


Hence the required force is 270" per unit area of surface of 
the conductor. 

This is a mechanical force acting on the charges. But 
since the charges cannot usually escape from the conductor, 
it is communicated by them to the surface itself. If, however, 
we put too great a charge on the surface, the force on the 
charges becomes so big that a temporary discharge in the form 
of a spark does take place from the conductor. 


§15. Attracted-disc electrometer 


The simplest apparatus that makes use of this mechanical 
force is the attracted-disc electrometer. Suppose P and Q 
(Fig. 11) are two similar parallel dises of area A a distance ¢ 
apart; the lower surface of P and the upper surface of Q 
carry charges -Ἐσ and —o per unit area respectively. The 
force pulling P towards Q is therefore 270A. We can relate 
this to the difference in potential between P and Q by noting 
that the field H Ξξξ, πσ, and if the plates are fairly close 
together the total drop V in potential between P and Q is 
Ext, so that V =4not. The attractive force is now 
27A(V/4rt)*, ie. V*A/8rt?. If we measure this force by 
making it pull down one arm of a balance we are provided 
with an accurate way of determining a given potential 
difference V. 

It is necessary for the plates to be fairly close together, 
for otherwise on account of edge effects the field is not 
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uniform across the gap between them. In practice this 
difficulty is overcome by dividing one of the plates into an 
inner and outer part, and by measuring the pull on the 
central part only, where the field may be taken to be uniform. 
The outer part is called a guard ring. 


816. Energy of the electrostatic field 


Our next problem is to calculate the mutual potential 
energy between a given set of charges ¢,, ἐφ . . . ἐῃ at points 
A, B,... Let ts, Tg, . - - denote the distances between 
charges €, and 69, 6. and és, ete. Then the mutual potential 


energy is clearly 2 <1, where the double summation includes 


i 
all pairs of distinct values of ἡ and j7. We may write this in 
the form 


je, 2 4.55 .... +2} + he, re ΗΝ +h. 
Tin "a «= 2 


Tyo Tis Ton 


The first expression in brackets is just the potential at A 
due to all the other charges. If we call this V,, with a similar 
meaning for V»,... then the required mutual potential 
energy is W, where 


W=3e,V, t+teVet...=2teV . . (9) 


An alternative proof of (9) which applies even when 
there are dielectrics present (see Chapter IV) is obtained 
by supposing that we build up the final charges e,, 65» . . . 
stage by stage, always keeping their ratios constant. Thus 
suppose that at one stage the charges present are ke,, keg, 
. . . ke,, where k is some fraction less than one. By the 
principle of superposition the corresponding potentials are 
kV,, kVo,...kV,. Now let us bring up charges e,dk, 
edk, ... €,dk. The work that we do is dW, where * 


dW = L(e,dk\(kV,) = (eV )kdk. 
The total work done W is obtained by integrating from 


* In calculating dW here and elsewhere we neglect the self-energy of 
each charge 6. 
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k =0 to k = 1, by which time we have built up the complete 
charges 61» 62» . . - €, in their proper positions. Thus 
1 | 
W = [ (ZeV)kdk — (eV) { kdk =4.5eV, 
0 0 


which is the same value as in (9). 

If the charges are not localised as point charges, but 
are distributed with volume density p and surface density o 
the corresponding formula is evidently 


W=4| pVdv+t| ovds | ον (0) 


We can rewrite this last formula in a rather different way. 
For the first term may be transformed as follows : 


1 
4 [γῶν = 5. [τἂν E dv 


] . 
= ἐς | {aiv(PE) —.grad V)}dov 


VE,, ΕΞ: 

= | = dS +] 87 dv. 
The surface integral is taken over the sphere at infinity, 
where a consideration of orders of magnitude shows that it 
is zero for any finite set of charges; and over the surface 
of each conductor where, following the notation of Fig. 9, 
E,, is the normal component of E away from v into each 
separate conductor. But by Coulomb’s law (2), ΕἾ, = —4ze, 
so that 


| iE? 
Ἰ pVdv + Ε | ovas =| 
Hence the total electrostatic energy is 


" "3 
w= | dv. Py ite: ΣΑΙ 
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This integration is to be taken over all space except that 
occupied by conductors. But since E = 0 inside any con- 
ductor, it may equally well be extended over all space. 

Equation (11) is interesting because it shows that we 
may regard the energy of the charges as being distributed 
throughout all space, the density of energy being /*/87 per 
unit volume. We sometimes speak of this as the energy 
density of the field. In the earlier work of Faraday and 
Maxwell, who could not understand how charges could exert 
forces on each other across the intervening vacuum, and 
therefore sought to dispense with the idea of action-at-a- 
distance, it was supposed that there was an wether pervading 
all space; this transmitted the inverse square law of 
attraction from one charge to another by becoming stressed, 
and it was argued that such a stress would require energy to 
create it; this was the energy H?/87. Alternatively we may 
think of the tubes of force as being in a state of tension. 
Indeed the student will notice a close similarity between the 
expression H*/8z just obtained, and the mechanical force 
27o* per unit area on the surface of a conductor; for since 
by Coulomb’s law, HZ = 47o at the surface, 270" is exactly 
equal to H?/8z. We return to this question in ὃ 30. 

More recent theories of the electric field do not make use 
of the idea of the wther, but it is still convenient to regard 
the energy of this kind of electrostatic system as in some 
way residing in the medium with density L*/87. 


§17. Introducing a new conductor lessens the energy 


We next prove that introducing a new uncharged conductor 
into an electric field lowers the total energy. For suppose 
the conductor is assembled bit by bit, each element being 
brought into position uncharged, and electrical communication 
between the elements being forbidden; as each element is 
uncharged no work is done. Now allow electrical contact 
to be established. Positive and negative charges will flow 
over the surfaces till the equilibrium configuration is reached. 


"------ -------- πτἰὐ«----ὦ..«ὕὕΣ} 
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But since charge always flows from regions of higher potential 
to regions of lower potential, electrical energy is lost. This 
proves our theorem that introducing an uncharged conductor 
into a field decreases the energy. 

Let us now connect this new conductor to earth (i.e. zero 
potential). There will, in general, be a further redistribution 
of charge, and the electrical] energy will be further reduced. 


§ 18. Dipoles 


It frequently happens that we have a pair of equal and 
opposite charges +e at a constant distance | apart: e is 
usually very large and / is very small, in such a way that 
the product el has a finite value m. Such a combination is 
called an electric dipole, and m is its moment. Most 
molecules, e.g. HCl and ΝΗ, are 
electric dipoles and the theory of such 
systems is of great importance in 
physical chemistry. It also turns out 
that the mathematics used in discussing 
electric dipoles is identical with that 
required later in our discussion of 

Fic. 12 permanent magnetism. 

The moment m is really a vector m, 
whose direction is from the negative to the positive charge. 
If we have a dipole m at AB (Fig. 12) the direction of m is 
along the line AB, and the resulting potential at P is 

Γ e 
Ce ae 
= eXchange in l/r from A to B 
é [1 ὃ ; ‘ 
= el = (=). where τ: denotes differentiation in the diree- 


In performing the differentiation of 1/r we consider the end 
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P of the vector r as fixed and differentiate with respect to the 
coordinates of A. For that reason we often write this 
1 
V = m.grad, Bey . . (12) 
Since r = 4/{(a4—2p)*+(y4—Yyp)*+(z4—zZp)*}, it follows that 
-. = — gradp =, and so the potential (12) is equally 
r 
well written 
1 | 
Vp = —m.gradp τ' ; : . (13) 


If the dipole is at the origin, as in Fig. 13, the potential 
at P, whose position vector is r, is just 


mcos@ m.r 
ik eigen =e ae f ‘ . (14 
an important formula that should be remembered. 
Eg\ AEp 
1/7? 
ὦ ee 
-Ὁ “-".--- 
Fie. 13 


The electric field at P is most conveniently expressed in 
terms of the radial and transverse components Μ᾿, and Lg. 
Thus, since E = —grad FV, 


z= 6V _2mcos 0 
aaa: nai ike 
δ ππηθ 
= - --- = 5 n ‘ . (15 
Ho roe τ" (19) 


This shows that the field varies as the inverse cube of the 
distance, but only when 6=0 or @=7 is its direction 
along the radius vector. 
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§ 19. Forces on dipoles 


Suppose that a dipole m is free to rotate about its centre 
in the presence of a constant electric 
field E. Fig. 14 shows a section in the 
plane through the dipole and the direc- 
tion of the field. The field acts from 
left to right in the diagram, and 
Fic. 14 therefore exerts a force +eE on the 
charge +e, and —eE on the charge —e. 
These are equivalent to a couple of magnitude 6] sin 9, i.e. 
mE sin 8. Since this is about an axis perpendicular to m 
and E, it can be written 


Couplb =mxE, . ._ . (16) 


where X denotes vector product. 
If W is the potential energy of the dipole in the field, 
then 


- a = couple tending to increase θ᾽ =—mBE sin 6. 


So if we choose the zero of potential energy at @ = 7/2, 
= —mE cos θ = —m.E. : . (17) 


Alternatively we may argue that if V denotes the potential 
due to the field E, then 


W = eV,—eV, 


Sis (of. 818) 


ΠῚ 
B 

δ: 

he 
| 


Incidentally if the direction of the field is along the positive 
direction of the z axis, the potential V used above has the 
form, which we shall often use later 


V = —£z + constant. 
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Our next problem is to calculate the mutual potential 
energy of two given dipoles. We can use the same method 
that gave us the potential due to one dipole in equations 
(12) and (13). Let O, and O, be the centres of the two dipoles 
whose moments are m, and m,. Then if V denotes the 
potential due to m, and if we suppose that m, arises from 
charges +e, at distance 1,, as in Fig. 15, the mutual potential 
energy is 

—é€,V4+eoV p = él, ᾿ grad V 
= m,. grad V. 


Fie. 15 


But from (13), V = —m,.grad and both differentiations 


are made with respect to the coordinates of O,. Thus the 
mutual potential energy is W, where 


1 (ma,.r 
W = —m,.grad [ποι grad *) = m,.grado, (= Ξ ) 


and r stands for the vector 0,0,. By working in terms of 
Cartesian coordinates, or by vector differentiation the reader 
will have no difficulty in verifying that this may be written 


χη χα, —3(m,.7)(m,.r) 
Wes aga aes as ΣΝ 


. (18) 


A convenient form for (18) may be obtained by calling ε the 
angle between the dipoles, and θ., @, the two angles between 
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the dipoles and the line of centres 0,0,. Then the mutual 
energy 18 


W = Ai {00s «—3 cos 6, 008 6,3. ὁ. (19) 


It is an easy matter to calculate from (19) the force and 
couple exerted on m, by m,. Thus the force along the 


direction 0,0, is — al and the couple tending to increase 


0, is — il In this latter differentiation, however, ε must be 
8 
regarded as a function of θ᾽ and @,. 


§ 20. The Electric Double Layer 

In many biological and colloid problems it appears that 
on a given surface there are two layers of charge, of opposite 
sign, the one just outside the other. These may cover a 
part, or the whole, of the surface and together they form 
what is called an Electric Double Layer. The strength 
p of the layer is the product of the charge per unit area and 
the distance apart of the two layers. Thus (see Fig. 16), 
if σ is the surface density of charge, 
then p=ot. The two charges 
-+odS shown in the figure are to- 
gether equivalent to a dipole of 
moment ofdS, i.e. pdS. Thus instead 
of speaking of layers of positive and 
433 negative charge we may equally well 
ἀρνία speak of a layer of dipoles, all point- 

eee ing normally to the surface, rather 

like the bristles of a hair-brush, such 

that the dipole moment per unit area is p. In Chapter VI 
we shall find this interpretation extremely useful. 

It is an easy matter to calculate the potential at P due to 
an electric double layer of strength p. For since the element 
dS in Fig. 16 behaves like a dipole of moment pdS its 
contribution to the potential at P is given by (14); it is 
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μὰ 8 cos @/r*, where @ is the angle between the direction of the 
normal and the direction to P. Now dS cos @/r? = dw, so 
that the potential at P is 


γι | pie . ρα aa 


If the double layer is of uniform strength, this becomes 
V@=60, . ‘ ; . (21) 


where w is the solid angle subtended at P by the boundary 
curve of the double layer. There is a difference of potential 
ἀπρ between points just on either side of the double layer. 
It is this difference which is most important in applications 
of this paragraph. 


§ 21. Condensers 


We conclude this chapter with a brief discussion of 
condensers, A condenser is an instrument for storing charge ; 
it consists of two plates which are conductors of arbitrary 
shape. The positive plate carries a charge +Q and the 
negative plate a charge —Q, so that there is no net charge on 
the condenser as a whole. If the potential difference between 
the plates is V, we define the capacity C by the formula 


C=Q/V,ie.Q@=VO. . .(22) 


By the principle of superposition, if we increase Q in a certain 
ratio, V is also increased in the same ratio, so that C is a 
constant independent of the charge on the condenser plates. 
In fact C is a purely geometrical constant depending on the 
position and shape of the two plates. To calculate C for a 
given condenser, we must first solve the potential equation ; 
this is best illustrated by a few simple examples. 

Parallel Plate Condenser.—Consider two equal plates of 
area A a distance ¢ apart, as in Fig. 17. Ifo is the surface 
density of charge on the positive plate M, —o will be the 
corresponding density on the negative plate N. Apart from 
a small edge-correction the tubes of force will go straight 
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from M to N. It follows that the field between the plates is 
directed from M to N and since, from § 10, equation 19, 
div E =0, this involves E = constant. By Coulomb’s law 
this constant is 470. The total drop of potential between WM 
and N is therefore V = 47ot. But the total charge ᾧ is simply 


Positive NeGaATive 
Plate βιατε 


vel 


S=ease0 F st ὦ tee 


Positive Pare 7 -@ 


Necative Prare r= 
Fie. Fie. 18 


oA. Hence the capacity is C=Q/V = A/4nt. Evidently 
this is a purely geometrical quantity independent of the 
charge o and having the dimensions of alength. The largest 
value of C is obtained when ¢ is small; for this reason the 
plates are usually close together. | 
Two Concentric Spheres (Fig. 18).—By symmetry the field 
is everywhere radially outwards. So by applying Gauss’ 
flux theorem to a sphere of radius r shown dotted, we have 
E x4ar* = ἀπῷ, 
where ᾧ is the total charge on the inner conductor r =a, 
Hence 


So 
y— Q 
= constant + a 
The difference in potential V,—V, between the plates is 
Q (;-3). Therefore the capacity is 
C=Q/(V,—V») =ab/(b—a) .. (28) 
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If we make ὃ tend to infinity we have a condenser one of whose 
plates is a sphere of radius a, and the other is at infinity. 
From (23) 
C=Li ab 24 
agg Sela) ° : ᾽ . (24) 
Condensers in Series.—If a set of n condensers are joined 
together to form a single condenser in such a way that the 
negative plate B, of one is joined to the positive plate A, 
of the next, and so on, the charges on the various plates, 
when +@ are placed on A, and B,, must be +-Q, —Q, +4, 
—Q, ... as in the diagram (Fig. 19). The total drop of 


A, 8, A; An Ba 
+@-9 +0-@ +Q-2 +@ 
Fra. 19 Fia. 20 


potential V from A, to B, is the sum of the individual 
differences of potential across the separate condensers. Thus 
V = Q/C,+Q/C,+ . . » +Q/Cn. 
But when A, and B,, are regarded as the two plates of a 
complete condenser, the total charge stored is still only Q, 
so the capacity is C, where 
1/0 = V/Q =1C,41/0,+ ... +1/C,. —. (25) 


This is described as joining the condensers in series or in 
cascade, 

Condensers in Parallel—An alternative way of forming 
one condenser out of several is to join all the positive plates 
together at A, and all the negative plates at B, as in Fig. 20. 
The potential across each separate condenser is now V, but 
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the charges on each are different, being given by the equations 
ῳ, =C,V, etc. The total charge on the positive plate is 
9--ῷ, ἘῸ, Ἐ --- +4, = γί δ, Ἐ ...+C,). Thus the 
capacity C of the system regarded as one condenser, is 
C=Q/V = O,4+0,+ ... +0C, . . (26) 
This is described as joining the condensers in parallel. 
A condenser whose plates carry charges +-@Q at potentials 
V, and V, will be a reservoir of electrical energy. In fact, 
from (9) | 
Energy = 2 eV = 3 (QV, +(—Q)V.) = 3 QV, 


where V is the potential difference V,—V, across the plates. 
This may be put in any of the equivalent forms 

Energy =} QV -- ἔσγε =<. 5 . (27) 
If the two plates are now connected by a thick wire this 
energy will be dissipated in a spark at the moment of 
connection. 


ΠῚ ΠῚ Γ ye 
It is instructive to compare (27) with the formula [ξ εἶν 
T 


for the energy, which was proved in (11). Consider, for 
example, the paralle] plate condenser of Fig. 17. We have 
seen that # has the value 470 everywhere between the plates, 
and effectively zero elsewhere. Hence the energy integral is 


BE? 4a)" 
| = dv = ( =) x volume of condenser 
= 2no* At. 


But oA = Q, and 4zot = V, so that this formula may be 
written 

Energy = 4 QV, in agreement with (27). 
This is one of the few cases where it is possible to verify by 
simple direct integration that lz dv does give the same 
value for the energy as 2 ὁ eV. | 
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§ 22. Mechanical forces on a conductor 


Consider again the parallel plate condenser of Fig. 17. 
The energy W may be regarded as a function either of the 
charge Q and distance #, or of the potential V and distance ¢. 
Calling these functions W(Q, t) and W(V, ἐ) respectively, 
we have, from (27) : 

W(Q, t) = Q°/2C = 2nQU/A, 
W(V, t) = CV2/2 = AV?/8nt. 


Now according to (8) the mechanical force on the negative 
plate is 270%A, which may be written either as + me t) 


ag — te, Since this force is tending to decrease ἐ, 
we may say that the force tending to increase ¢ is either 
| ὃ 

Διά ας or + a Δ It is possible to show, though we 
shall not do so here,* that if in any electrostatic problem the 
energy W can be calculated in the above manner as a function 
of the charges or the potentials, together with a coordinate ὁ 
which defines the position of one of the conductors, the 
mechanical force tending to increase ¢ is always given by the 
two above forms. Our previous example is a particular case 
of this theorem, in which ¢ is the distance between the two 
plates of the condenser. 


§ 23. Examples 


1. Show that with a system of charged conductors in which 
the total net charge is zero, at least one conductor must be 
everywhere charged positively, and one everywhere negatively. 

2. S is a surface completely surrounding a given system of 
charges, and P is a point outside S. Show by reasoning similar 
to that of § 13 that the potential at P is the same as would be 
obtained if the system of charges was replaced by a surface 


* See e.g. Jeans Electricity and Magnetism, Chapter 1V. 
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distribution — 15 and an electric double layer of strength 


= per unit area, both on the surface S. (This is known as Green's 
aT 


Equivalent Stratum). 

3. Point charges e,, ¢,...at A, B,... are such that the 
potential at A due to all the charges except e, is V,, and at B 
due to all except ὃς is V,, and so on. A second set of charges 
δι᾽, ΓΥ ees δὲ A, B, -. ἃ ἃ gives potentials Vy’ V,’ . ἃ ἃ Prove 
Green's Reciprocal Theorem which states that 


€,V,'+-e,V,’+- ce ΞΞΞ é,'V,+e,’V;+- ". κα 


Show that the same result is true if A, B, . . . are a series 
of conductors on which the total charges are €},€, . . .. and whose 
potentials are νι Ve ".κ" @ 

Now make all the charges zero except e, and e,’, and reduce 
the second conductor to a point P. Deduce the following 
theorem: the potential of an uncharged conductor under the 
influence of a unit charge at P is the same as the potential at P 
due to a unit charge placed on the conductor. Hence show 
that a unit charge placed a distance f away from the centre of 
an uncharged conducting sphere raises the latter to potential 1/f. 

4. A spherical soap bubble is blown on the end of a thin 
tube, and is then given an electric charge Ὁ. The tube is now 
made open to the air, so that the air pressure is the same inside 
and outside. It is known that if the radius is r, the effect of 
surface tension is to give an inward pressure 27'/r per unit area, 
If this is balanced by the mechanical force due to the charge, 
so that the bubble is in equilibrium, show that Q? = 1677'r’, 

5. S is a closed surface drawn in such a way that it encloses 
no electric charges. Show that according to Maxwell’s theory 
the energy stored in that part of the field lying inside S$ may be 


written 
1 
=| Ls 
Sa on 


the integration being over the surface of 8. 

6. T'wo condensers of capacities ΟἹ and CO, carry charges Q, 
and @,. Their negative plates are now connected to earth and 
their positive plates are joined. Show that the final potential 
of the positive plates is (Q,:+@:)/(C;+C,), and that there is a 
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loss of energy equal to (Q,0,—Q,0,)*/2C,0,(0,+0,). What 
a to the en ? 

; TP Verify the “eral in § 16 equation (11) for the case of 

a conducting sphere of radius a which receives a charge Q. 

8. A conducting sphere of radius ἃ receives a charge Q. 
Verify by direct integration of equation (6b) that the potential 
is Q/r at points outside the sphere, and Q/a at points inside. 
Determine the electric field Εἰ at any point, and by performing 


the integration [ τὰ dv verify that the energy of the condenser 
aT 


formed by the given sphere and the sphere at infinity is Q*/2a. 
Notice that this implies that a genuine point charge (a0) 
would have infinite self-energy. 

9. Three concentric hollow conducting spheres have radii 
a, ὃ, c. The inner and outer spheres are connected together by 
a fine wire, and form one plate of a condenser ; the middle sphere 
is the other plate. By regarding this system as two separate 
condensers in parallel, or otherwise, show that the capacity is 
b?(c—a)/(b—a)(c—b). | . ‘ 

10. A condenser consists of two coaxial cylinders of radii a 
and ὃ, each of length 1. Show that its capacity is 1/2 log (b/a). 

11, S, is a fixed hollow conducting cylinder of radius ὃ, 
and ς is a smaller solid conducting cylinder of radius a coaxial 
with δ᾽. 8, 1s free to slide along its axis and a constant potential 
difference V is maintained between the two cylinders. Show 
that when a length J of S, is inside S,, the electrostatic energy is 
LV*/4 log (δα), and hence deduce that the movable cylinder 
experiences a force V?/4log(b/a) drawing it inside the fixed 
cylinder. 

12. Obtain the equations (15) for the field due to a dipole 
by superposing the fields due to the two component charges, 
without calculating the potential as an intermediary. Notice 
how much easier it is to work in terms of the potential rather 
than the field. 

13. A dipole of moment m is placed in an inhomogeneous 
field E. Show that in addition to the couple of moment mxE 
it experiences a resultant force (m.grad) E, where m.grad 
denotes the operator 


ὃ ὃ ὃ 
Ms δι +m, ay +m, ae" 


50 ELECTRICITY 


14, An electric dipole of moment m is free to rotate about its 
centre which is fixed, in the presence of a constant electric field 
#. If its moment of inertia about the centre is J, and if we may 
assume that the only force on the doublet is the electrostatic 
couple due to the field, prove that small oscillations about 
its equilibrium position are Simple Harmonic, with period 
Qara/(L/mZ). 

15. Two equal charges e are at opposite corners of a square 
of side a, and an electric dipole of moment m is at a third corner 
pointing towards one of the charges. If m = 24/2 ea, show that 
the field strength at the fourth corner of the square is τ ' τι 

, 

16. A and B are two electric dipoles such that the direction 
of A passes through B, and the direction of B is perpendicular 
to that of A. Show that the actual force exerted by 4 on B is 
not in the same direction as the actual force exerted by B on A. 
Explamn why this does not contradict Newton’s third law of 
motion, that action and reaction are equal and opposite. 

17. An electric dipole is at the origin and its direction is 
that of the polar axis. Show that the lines of force are given by 
sin?§/r = constant. Sketch the lines of force and the equi- 
potentials which lie in a given plane through the dipole. 

18. A system of charges consists of - 36 at the origin and —e 
at the two points (--a, 0, 0). Show that at distances from the 
origin much greater than a, the potential may be written in the 
approximate form 


ᾷ 
Ρ'- - τ (3 οο830---1). 


This is sometimes called a quadrupole, and is important in 
studying the forces between atoms and molecules. 

19. An electric double layer of uniform strength p is dis- 
tributed over the surface of a sphere. Show that the potential 
is zero at all external points, but has the value 47p at all internal 
points. 

20. Show that on crossing a double layer of strength p the 
potential changes by 4p. [Illustrate this by considering in 
detail the variation of potential across the thickness ὁ of the 
layer in Fig. 16. 
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21. An electric double layer of uniform strength p is spread 
over one side of a circular disc of radius a. Show that at points 
distant 2 from the layer along the line of symmetry perpendicular 
to the plane of the disc, the electric field is 2pa*/(a*-+-2*)*’, 

22. If the law of force between charges e, and ες was €,¢,/r", 
show that the potential due to a charge e would be e/(n—1)r*™-', 
and the potential due to an electric dipole of moment m would be 


(m.r)/r**4, 


CHAPTER IV 
DIELECTRICS 


§ 24. Dielectric constant 


WE have hitherto supposed that our experiments were all 
carried out in free space, ie. a vacuum. We must now 
discuss the result of placing other materials in the electric 
field. It was Faraday who discovered that if the space 
between the two plates of a condenser was filled with an 
insulating material such as glass or mica, its capacity was 
multiplied by a certain constant K, which depended on 
the material but was independent of the shape of the con- 
denser. Such substances are called dielectrics, and K is 
the dielectric constant, or specific inductive capacity. 
Values of Καὶ range from 1 for free space and 6 for glass to 
about 81 for water. For air at normal pressure X is 1-0006, 
which shows that the results of Chapters II and 1Π are 
almost unaffected if we use air instead of a vacuum. 


§ 25. Polarisation 


In order to explain this phenomenon we must consider 
in more detail what happens when an electric field E falls 
upon dielectric material. As we saw in Chapter I, each atom 
of the material consists of positive and negative charges, 
and so, when the field is applied, the positive charges will 
be pulled in one direction and the negative charges in the 
opposite direction. If there is no resultant charge on the 
atom there will be no net force on it either, so that the 
effect of the field will be to separate slightly the positive from 
the negative charges. We say that the medium is polarised 

52 
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by the field. As a result of this polarisation each atom or 
molecule becomes a tiny dipole whose strength will depend 
upon E, If the field is not too large this strength is propor- 
tional to E and we may write it aE, where a is the polari- 
sability. We call aE the induced dipole ; for an isolated atom, 
and indeed for nearly all substances it is parallel to E; 
however, certain crystals and other anisotropic media are 
exceptions to this rule. 

There is also another type of contribution to the polari- 
sability a. This occurs when the molecules of the dielectric 
are themselves permanent dipoles, as e.g. water. In the 
absence of a field these permanent dipoles will point equally 
often in all directions, but when a field is applied, there 
is a couple (see § 19) tending to orient them relative to the 
field, and there will consequently be a resultant moment 
in the direction of the field. Let us suppose that this effect 
also has been included in the value of a. Then, if there are 
N molecules in unit volume, the total moment induced by 
an electric field E is NaE per unit volume.* This is referred 
to as the polarisation. It is a vector quantity and we shall 
label it P. In isotropic materials 

P = NaE = KE, ‘ . » (I) 


where k = Na. With anisotropic materials there is still a 
polarisation P, but it is not necessarily related to ἘΣ accord- 
ing to (1). The constant & is called the dielectric sus- 
ceptibility ; it depends upon the density of the material, 
as given by WN, and upon the polarisability a. Both of these 
may depend upon the temperature. 

Thus the effect of an electric field E upon a dielectric is 
to create the polarisation P, with its associated dipole moment 
P dv in each volume element dv. In calculating the potential 
for such a system we may now forget completely about the 

* There is a small difficulty here, for the dipoles in the immediate 
neighbourhood of any one dipole will themselves contribute to the field 
which polarises the original dipole. Except when the polarisation is 
very large the difficulty may be overcome @ suitable change in the 
definition of a. 
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material of the dielectric itself, provided that we imagine it 
replaced by the volume polarisation P dv. 
Now from § 18, eq. 12, we know that the potential at any 


point due to a single dipole m is m.grad = the differentiation 


being taken with respect to the coordinates of the dipole. 
Putting m = P dy, and integrating, we see that the potential 
arising from the induced polarisation may be written 


| Ῥ grad = de. Bat 
ee: ] 
div γ᾿ οὐ τ div P -L P.grad τος 
so that this integral is 
[aiv dy —| 5 div P de, 
r r 
By Green’s theorem we can transform this to 


{= [av P ae mn tine ΣΝ 


r 


The surface integral is taken over the boundary of the 
dielectric. 

This last equation is important. For it shows that when 
we have a polarisation P, the resulting potential is exactly 
the same as we should obtain if we were to suppose that there 
was a volume distribution of charge —div P throughout the 
dielectric, and a surface distribution P, on the boundary 
of the dielectric. These charges are often referred to as 
apparent charges *; on removing the field E, the polarisa- 
tion disappears and with it the apparent charges. 


§ 26. Electric displacement 
We are now in a position to formulate the laws of the 
electrostatic field in the presence of dielectrics. Suppose 


* Sometimes also as fictitious charges, or bound charges Faraday 
but although we shall sometimes use the latter, the title is not a har ποῖ 
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that at any point in the medium the field is E, with resulting 
polarisation P. Then in addition to any true charges p and o 
that may be present, we must include contributions to the 
potential from the apparent charges —div P and P,, which 
take account of the polarisation. Gauss’ flux law (§ 10, eq. 19) 
now takes the form 
divE = ἐπ (p—div P), 
i.e. 
div (E+-4n7P) = 4p. 


Let us call this vector quantity on the left-hand-side D, so that 


DaeBiésP,. . . «@® 
div Ὁ = 4p. fin gent fio eee 


The vector D is extremely important. Maxwell called it the 
electric displacement. As we shall see that it plays a 
crucial part in all that follows it will be convenient to make 
a list of the properties of D. 

(i) In isotropic materials for which (1) holds, we may 
write 

D = E+4nP = (1+47k)E. 
If we put 
1+4rk — K Π . . Γ] " (5) 


D = KE . - . * (6) 


We shall shortly identify K with the dielectric constant. 
Indeed Καὶ is often defined by means of (6), and then (δ) is 
known as Faraday’s equation. But it is important to 
realise that (6) is only correct if the medium is isotropic ; 
we ought not therefore to define D by (6) but by (3), which 
is always true. In free space k has the value 0, K has the 
value 1, and 


then 


<<... ἢ 7 


(ii) Equation (4) may be written as a flux theorem in 
the form 
flux of D out of any surface=47 x true included charge . (8) 
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We may regard this as replacing the earlier flux theorem ; 
it shows that D rather than E plays the really fundamental 
role in dielectric media. 

(iii) Equation (8) is exactly the counterpart of the flux 
theorem in Chapter II, eq. (18). We may therefore write 
down at once several other properties of D. For example, 
there are field lines of D, given by the differential equations 

dz dy dz | 
"ὉΠ 8-: . ‘ . (9) 

(iv) Further there are tubes of D, and from (4) and (8) 
these tubes can only begin and end on true charges. There 
are 47 unit tubes of D which start on each unit charge. 

(v) Just as in Chapter LJ, Ὁ = Ο in a conductor, and by 
applying the new flux theorem (8) in a manner similar to § 13, 
we obtain the modified Coulomb’s law at the surface of a 
conductor : 

D,, = 4πσ, : ‘ - . (10) 
= ἀπο Καὶ : : ; . (11) 


The student will have no difficulty in adapting the proof of 
§ 14 to show that the mechanical force on a conductor is 


ποῖ Καὶ per unit area. ; . (12) 


(vi) Equation (11) enables us to complete the identifica- 
tion of K. For if we have two exactly similar condensers 
except that one is filled with a medium of uniform dielectric 
constant K, and the other is in free space; and if we charge 
them so that the plates have the same charge density o in 
the two cases, then the field in the first is 1/K times the 
field in the second. Hence the potential difference is 1/K 
times as great. But the capacity C is merely charge divided 
by potential difference. So the capacity of the dielectric 
condenser is K times the capacity of the vacuum condenser. 
This identifies K as defined by (5) with the dielectric constant 
introduced by Faraday. 

(vii) Next suppose that we have a single charge e in a 
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medium K, and let us apply the flux theorem (8) to a con- 
centric sphere of radius r. By symmetry D has the same value 
at all points of the sphere, and is directed radially outwards. 
Hence 47°D=4dae. So D=e/r*, H=e/Kr*, and the 
potential V =e/Kr. It follows that hea charges 61, ¢, at a 
distance r in a dielectric repel each other with a force 


ἐκέᾳ 
Kr : , . . (13) 
Thus the inverse square law still holds, but the force is reduced 
in the ratio K:1. The subject of dielectric media is often 
introduced by means of (13). But we have preferred not to 
do so for two reasons. First, it is not easy to see just what 
is meant by force in the case of solid media (see § 31); and 
second, the formula (13) applies only if (a) K is constant, 
(b) the dielectric is isotropic and (c) it also occupies the whole 
of space. For these reasons it is more fundamental to base 
everything on the two equations (3) and (4) in which none 
of these restrictions occur. 
(viii) Since for an isotropic medium D= KE, and 
E = —grad V, it follows that Ὁ = —K grad V. Further 
div D = 4p, so that Poisson’s equation (Chapter IT, eq. 20) 
takes the form 
div (K grad V) => --ἀπρο. ᾿ . (14) 


If KX is constant in any region this simplifies to 
ΝΡ = —4rp/K . : : . (15) 


It is important to realise that unless K is constant, there is 
no simple integral formula for V corresponding to Chapter II, 
eq. (12). In certain simple cases it may be possible to solve 
(15) directly, but unless the shape of the dielectric is 
particularly simple we have to resort to special methods (see 
Chapters [IX and X), or else numerical approximation. 

(ix) Before we can solve equations (14) or (15) we must 
know what happens at the boundary of a dielectric. Fig. 21 
shows the boundary between a dielectric and free space. 
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Suppose that we take a unit charge round the path ABCDA 
shown dotted. As the electric field is conservative no net 
work is done. But if AD and BC are small enough we can 
neglect the work done along them; it follows that the work 


Fie. 21 Fie. 22 


along AB is equal to the work along DC. This is conveniently 
expressed by saying that if Εἰ, is the component of E in any 
direction lying in the common boundary, then at a change 
of medium 

E, is continuous ἜΣ . (16) 


The boundary condition for the normal component £,, 
may most easily be obtained by noting (Chapter I, question 
12) that when we cross a surface layer of charge o the normal 
component of Εἰ changes by 4ac. Now we saw at the end of 
§ 25 that if the polarisation is P there is an effective surface 
layer of apparent, or bound, charges equal to P,. Thus Z, 
changes by 47P,, and in the notation of Fig. 22 

Ey —Eng = 4nP 4; 
i.e. 
Bry = Eygt4nP, = Dye. 

Since E and D are the same in free space, this implies that 
across the boundary 

D,, is continuous. ‘ : ‘ . (17) 
An alternative proof may be obtained by applying the modified 
Gauss flux theorem (8) to a small cylinder in a manner similar 


to that of §13. We leave it as an exercise to the reader to 
verify that (16) and (17) are equally valid on passing from 
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one dielectric to another, so that the boundary conditions 
are : 

En = Ea; Dn = Ῥ, OF KE yy = Κι . . (18) 


ἢ 27. Parallel plate condenser 


It is instructive to consider the particular example of a 
parallel plate condenser between the plates of which there is 
placed a slab of dielectric K. If we use the notation of 
Fig. 23 we shall distinguish three regions: in each region 


both E and D are constant and are directed from one plate to 
the other. Let the potentials at A, B,C, D be V,, Vy, V., Vare- 
spectively. Then from the fundamental relation E = —grad V, 
it follows that 
V.—V V,—V, 
b 
Regions 1 and 3 are in free space and region 2 has dielectric 
constant K, so | 
D, = E;, Dg = KE,, D, = Ες . . (20) 


From the boundary conditions (18) it follows that 
dD, = ἢ, =D, τες B, say. 


, a= ml) . (19) 


E, = > Ε, = 


So from (20) 
L, = E,= β, E, = B/K. 


Using Coulomb’s law (10) we see that the charge density on 
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plate A is B/47, so that if A denotes the area of the plates 
A and D, the condenser carries a charge BA/47. The total 
potential difference, from (19), is 


V,—V, = ak,+bE,+cH, = β ( “ἐς Ἑ ) 
Hence the capacity of the condenser is 
¢=—_4A__., 
4π Ὁ + τ + ἢ 


Comparison with the formula Αἰ ἀπὲ for a condenser of thick- 
ness ¢ in free space (ἢ 21) shows that the equivalent thickness 


of the given condenser is a ἜΤ ΕΟ 


Next suppose that A and D are attached to the terminals 
of a battery so that the potential difference V,—V, is kept 
constant. Now let us draw the dielectric slab away from 
the condenser. When the slab is wholly or partly withdrawn, 
the capacity CO is reduced, and hence the charge on the plates, 
which is C(V,—V4), is also reduced. This means that while 
the slab is being removed, a current will flow from plate A 
to plate D through the battery. Indeed this can be measured, 
if we have a sufficiently sensitive instrument. 

This condenser illustrates also the theorem on apparent 
charges at the end of § 25. For inside the dielectric slab the 
polarisation P is given by 

E,+4cP = D, = β. 
So 


Pa β{ι--π) 


Now P is constant so that div P = 0, and there is no apparent 
volume distribution of charge. But P,, at surfaces B and C 
Κ-- 


has the value + £ (=r) respectively, Thus according to 
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(2) we may replace the dielectric slab by a layer of charge 
-E(*F) per unit area on the surface B and an equal 
positive layer on the surface 0; we may then treat the 
problem as though there was no dielectric present at all. 
These two layers of charge would then be responsible for 
changing H, to #,, and Εἰς to ᾿ς as we pass into and out of 
the dielectric, as can soon be verified by the use of Gauss’ 
flux theorem. 


§ 28. Energy of the field 


The previous formula (Chapter ITT, eq. 11) for the energy 
of the field W will need modification when dielectrics are 
present, However we can still start with the formula in 
Chapter ITT, eq. (10) : 


W =ZteV =4(pV dv +}[oV 48, 


since it is easily seen that the second proof of this result in 
ἢ 18 is unaffected by the presence of dielectrics. We must 
now substitute div D = ἄπρ, and D, = 470. With reasoning 
exactly parallel to that of § 16, we write 


1 1 
5 | ev dv =3|" div D dv 


πα [ὧν VD—D.grad V} ἀν 


The surface integral is taken outwards over the sphere at 
infinity—where a consideration of orders of magnitude shows 
that it is zero—and over the surface of each conductor, D,, 
being measured into the conductor. Now V is constant on 
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each conductor, and the inward normal component of D is 
—4no. We may therefore write the equation in the form 


[pV dv +4 oV ἀϑ -[ΞΞ dy 
i.6. 


w= |= st Εν ‘ Ξ . (21) 


Since E vanishes inside a conductor, the integration in (21) 
may be taken over the whole of space, including the 
conductors. 

According to this the energy is distributed over all space 


with density ἜΤ With isotropic bodies we may write this 


ke ΤῈ ; ᾿ 
Ἔπ οἵ BK’ If we are calculating the force on any conductor 


using the formulz of § 22 this is the appropriate expression 
to use for the energy.* 

In the case of a crystalline dielectric the relation D = KE 
no longer holds. Taking the directions of z, y, z along the 
three crystal axes, K has a different value in each direction ; 
we replace the one equation D = KE by the three equations 

D, = KB, Ὁ, τι Κρ, D,=K EB, — « (22) 

If K, = K, = K, the crystal is isotropic; if two of the K’s 

are the same the crystal is uniaxial, and if all are different 
it is biaxial. In all cases when calculating (21) we can put 

D.E — ΚΙ ΕΚ J+K,E? - - (23) 


§ 29. Minimum energy 


Suppose that we are given certain conductors and each 
receives a given fixed total charge. We can prove that these 
charges will distribute themselves over the surfaces of the 

* The student of thermodynamics will recognise that this is the 


thermodynamic free energy and not ordinary energy, a distinction 
that is important if K depends on the temperature or the pressure. 
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various conductors in such a way that the energy W is a 
minimum. For let E be the true field, and let E-+-E’ be the 
field that arises when the charges are held fixed in different 
positions on the conducting surfaces. In this condition the 
surfaces of the conductors will no longer be equipotentials, 
but since the total charge on each conductor is unaltered 
in the transformation from E to E+-E’, we may apply Gauss’ 
flux theorem to each conductor in the form 


[xe .aS = ἀπ᾿ x total charge on conductor -ἰ[κ (E+E’).ds. 
So | xe-.as =0 ; ‘ : . (24) 


We are supposing that there is no volume distribution of 
charge so that 

div KE = 0 = div K(E+E’), 
1.8. 

div KE’ =0 : ‘ ; . (26) 

Our next step is to prove that the integral of KE.E’ 

through all space outside the conductors, is identically zero. 
In fact, if V is the potential due to E, 


| xe.e dy = — | KE. grad V dv 
eu | {div VKE! —V div ΚΕ dv. 


The last term on the right-hand side vanishes, by (25). The 
other term may be transformed by Green’s theorem into an 
integral over the sphere at infinity together with integrals 
over the surface of each conductor. Considerations of order 
of magnitude show that the contribution from the sphere at 
infinity is zero for any finite system of charges; the contri- 


bution from any conductor in| K VE’.dS, where dS is 
measured outwards from the conductor. Now JV is constant 
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on each such surface ; so, by (24) all these terms vanish also, 
and it follows that 


| KE.E’ dv = 0. 
But if W+W’ is the new energy 
Wi = ἐἰ | (K(E+-E’)!— KE do 


μὰ = [exer 4-KE)dp 


KE’ 
= Cae dv. 


Since K is positive W’ is always greater than zero showing 
that in the actual position taken up by the charges W is a 
minimum. Electrical energy therefore plays the same role 
here as potential energy does in mechanics. 


§ 30. Stresses in the medium 


According to Faraday the tubes of displacement D are 
in a state of stress; it is this stress which gives rise to the 
D.E 

Sir 
distance between charges. Let us see whether we can discover 
a stress system which will account for the inverse square law 
in an infinite medium of dielectric constant K. We shall find, 
as Maxwell discovered, that it is necessary to suppose that 
tubes of D are not only in a state of tension, but that they 
also exert a force perpendicular to their direction on neigh- 
bouring tubes. 

Consider two charges -+-e at A and B, a distance 2a apart 
(Fig. 24). According to (13) the force between them is 
e?/4Ka* in the direction AB. If the tubes of D are in a state 
of stress, this is the force that they must exert across 


energy and is responsible for the apparent action-at-a- 
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any boundary which completely separates the charges. In 
particular this is the force across the 
mid-plane PO. We choose this plane 
because at all points P the tubes of 
force cross the plane at right angles 
and we have only to consider the 
tension in the tubes: the repulsion 
between neighbouring tubes will make 
no contribution to the force e?/4Ka?* for 
this is perpendicular to the plane PO. Fic. 24 

Let f(D) be the tension exerted 
across unit area of a tube where the displacement is D. 
Our problem is to calculate the form of the function f. 

Now the total pull across the mid-plane is| j(D)dS, where 
d§ is an element of area in the plane OP, and the integration 
extends over the whole plane. As D depends on OP and not 
on the azimuthal angle round AB, we can put 


sin 6 


dS = 22 OP d(OP) = 2na? πῶ η 9. 
Thus 
ΓΝ ν 5» “7 ona? 29 ap 
ia = total pull across plane = { “/(D) a? ποτ ἀθ. 


But the value of D at the point P is merely the sum 
of the values due to the charges +e separately, so that 


Ὁ =~ cos 9 = cos? 8. Hence 


13 
δ΄ (ὮὯ,(3ε οοεδλ sin 9 
περ [1 a *) Seep 


This equation is to be true for all values of e. But e occurs 

in the form e? on the left-hand side; it must therefore occur 

in the same way on the right. This is only possible if 
E 
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f(D) = AD*, where A is some constant to be determined. The 
equation then gives 


| 2 2e cos? sin @ ap _ Ae 
ϑη Κα ; a? cos? θ aa" 


Thus A = 1/87K, so that the tension f(D) along a tube of 
force takes the form D*/87K, or KH*/8:, or (D.E)/87. 

We have still to discuss the force between neighbouring 
tubes. To do this we replace the charge —e at B in Fig. 24 
by a charge +e and consider the Coulomb repulsive force 
between the two charges +-e at A and B. We leave it as an 
exercise to the student to show, by reasoning similar to that 
just used, that the appropriate force is obtained if each 
tube exerts on neighbouring tubes a repulsion K#?/87 per 
unit area. 

These arguments have shown that in the particular case 
of two equal charges we need to assume a tension and pressure 
along tubes of force, cach of amount K£#*/87. As these 
forces only involve the local values of K and E, it is reasonable 
to suppose that the same stress system would apply in other 
cases, and that the precise origin of the field is immaterial. 
It can indeed be proved that these stresses do give the correct 
mechanical forces whatever the charge distribution. But 
we shall content ourselves here with noticing that at the 
surface of a charged conductor where the tubes of force 
leave normally, we should expect them to exert on the 
conductor a mechanical force equal to f(D), i.e. KE*/8z per 
unit area. This agrees exactly with the value previously 
deduced from Gauss’ law in (12). 

There is an interesting application of these results to the 
force at the boundary between a dielectric K and a vacuum. 
If the field is given, as in Fig. 25, by the continuous vectors 
D,, and £,, it is seen that there is a mechanical force on the 
dielectric whose normal component is 


ag D#(I- z) +BAK—D], 
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directed from the dielectric into the vacuum. Since K>1 
this force is always positive. 

We have supposed in the above that the dielectric is 
incompressible. It is βάλεν to 
show, though we shall not do so Da 
here, that " K varies with the " δ,» πὰ Ε, τ a a 
pressure and density, there are 7Z Z Le Zz 
other forces exerted in the dielee- ΖΦ, . -»»»:» . 
tric by an electric field: one of 
their effects is to contract or Fie, 25 
expand the dielectric, the pheno- 
menon known as electrostriction, by observation of which 
the theory may be tested. 


= 
fe 


Pe tae 
a ee τίν oe 
= ea i =e 
eat ot τ ας μὰ εν ει; = a 
teat ae 
oe et ee, ts 
- ee μαι ταν 


§ 31. Cavities in a solid dielectric 


We have hitherto defined E at any given point as the 
force on a unit charge placed at that point. This is quite 
satisfactory if the medium is a liquid or a gas for the charge 
can move and hence the force on it may be determined. But 
if the dielectric is solid, it is rather difficult to see what is 
meant by the definition of E, since to measure it we have to 
excavate a small hollow in the medium and imagine our 
charge to be placed inside this hollow; it is then no longer 
in the dielectric medium! We are therefore led to consider 
the field inside such a cavity. There are two types of cavity 
that are particularly important; we may refer to them 
as needle-shaped and disc-shaped. In Fig. 26a we have 
supposed a cavity to be made having the shape of a thin 
disc whose plane is perpendicular to the direction of E; in 
Fig. 268 the cavity is needle-shaped, pointing in the same 
direction as E, Both cavities are small; all round them 
the dielectric constant is K, but inside them it is unity. 

Now at points inside the dielectric, but fairly near the 
cavities, the electric field may be regarded as the sum of 
two parts. One part is the undisturbed field, which was 
there before the cavity was made, and the other is the 
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perturbing effect of the cavity. But if all the dimensions of 
the cavity are small, this latter contribution is small (this is 
verified in more detail later, §§ 75, 76), so that the field 
outside the cavity is effectively the same as if there were no 
cavity at all. Let us call this E. 

In Fig. 264 it follows from symmetry that in the central 
part of the cavity the lines of force go straight across the 


Fia, 26a.—Dise-shaped cavity ; 
measures D. cavity; measures Εἰ, 


gap ; near the sides they will bend a little due to edge effects. 
But if the radius of the cavity is much greater than the 
thickness, the electric field near A may be regarded as uniform, 
and is related to E by means of the continuity conditions 
(18). Thus the field ἘΠ. in the central part of the cavity is 
directed across the cavity parallel to E, and from the fact 
that KE,, is continuous it follows that 


Εἰ, = KE == 2), 


so that the force on a unit charge placed in the cavity of the 
shape of Fig. 26a will measure the displacement D in the 
solid and not the field Ἐς Similarly in Fig. 26n, the field at 
A will be parallel to E since the edge effects from B and C 
will be insignificant. So the houndary condition that the 
surface component of E is continuous tells us that 


Ex, = E, 


and the force on a unit charge in a needle-shaped cavity will 
indeed measure the internal field E in the solid. Cavities 
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of different shapes will measure different combinations of D 
and E. We shall show in Chapter IX, for example, (§ 76), 
that in a small spherical cavity the field is 3D/(1+24). 


§ 32. Examples 


1. Show from a consideration of the boundary conditions 
(18) that at a change of dielectric medium lines of force are 
refracted according to the law K, cot 6, = K, cot 0,, where 6, 
and 6, are the angles between the directions of the field and the 
common normal to the boundary. 

2. S, and S, are two equipotential surfaces completely 
surrounding an electrostatic system on which the net charge 
is @; their potentials are V, and V, and there is no dielectric 
between them. Prove that if S, and S, are taken to be the 
plates of a condenser and the medium between them is of 
uniform dielectric constant K, the capacity is KQ/(V,—V,). 

3. A spherical condenser consists of two concentric spheres 
of radii a and d. Concentric with these and lying between them 
is a spherical shell of dielectric K bounded by the spheres r= b, 
r=c. Show that if ας ὁπ ἐς ὦ, the capacity C of the condenser 
is given by 

G"s 4° Kb ol” 

4. Show that the polarisation vector betweenr = bandr =c 
= ch ¢ directed radially, Q being 
ink 
the charge on either plate of the condenser. Show that the 
equivalent bound charges (see § 25) are p = 0 together with two 
surface layers 


1111 — (; -) 


in the previous question is 


K-1@ ΕΞ ΙΝ 
oe ae” an oO 


at the boundary of the dielectric. 

5. A condenser is formed of the two spheres r =a, r = 6b 
(b>a) with uniform dielectric K. The dielectric strength of the 
medium (ie. the greatest permitted field strength before it 
conducts) is Ey. Show that the greatest potential difference 
between the two plates, so that the field nowhere exceeds the 
critical value, is H,a(b—a)/6. 
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6. If in the previous question the potential difference is 
gradually increased beyond the critical value so that charge can 
flow into part of the dielectric, show that the condenser does not 
break down completely until the voltage is increased to F,(b—a). 
Investigate the distribution of charges when this latter condition 
is reached. 

7. The slab of dielectric in Fig. 23 is partly removed from 
between the plates so that of the total area A an area x is covered 
with dielectric and A—z with free space. Assuming that the 
lines of force go straight from one plate to the other, show that 
the capacity C is given by 

1 
A be (1 x) 


© ἀπία τ: 6) 4n(a-+-b-+e) (a+ + ὃ 


Calculate the energy and show that if the charge on the plates 
is kept constant the dielectric is drawn into the condenser. 

8. There is a point charge at the origin in an infinite dielectric 
medium K. Verify that the stress system of ὃ 30 is such that 
there is no resultant force on the volume confined between the 
spherical surfaces r =a, r=} and a diametral plane through 
the charge. 

9. A conducting sphere of radius a in an infinite dielectric 
medium receives a charge Ὁ. It is now divided in two by a 
diametral plane and the halves are slightly separated. Show 
by a consideration of the stresses between tubes of force that 
the one part exerts on the other a force Q*/8Ka*. Verify that this 
is exactly equivalent to the vector addition of forces ϑποῖ Καὶ per 
unit area of surface, where σ is the surface density of charge. 

10, A condenser consists of the conducting spheres r = a, 
r =b6. The dielectric constant is independent of r but varies 
with direction. Write down the differential equation for the 
potential, and show that it is satisfied by the expression 
V =A+B/r, where A and B are constants. Show that B is 
related to the charge Q on the inner sphere r = a by the equation 


4nQ = B { Kdw, dw being an element of solid angle. Hence 
show that the capacity of the condenser is 


i 
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11, Show that in an electrostatic problem in which the 
potential depends solely upon the radial distance r, the differential 
equation for V is 


3 = (rex = = --ἄπρ. 


A charge e is placed at the origin in a medium in which the 
dielectric constant is 1+-a/r. Show that the potential is 


V =< log. 


12. A small particle of polarisability a is placed in an in- 
homogeneous field E. Show that the force on it is $a grad Ε5, 
(Note that this implies that a small dielectric particle moves 
towards places of higher field strength.) 

13. Write out the steps required to obtain equation (12). 

14. Show that the energy expended in polarising a dielectric 
is 42° per unit volume. Deduce that the energy of the field, 


i 
regarded as the sum of the energy 8: in the «ther and $42? in 
iT 


. D.E 
the dielectric, is [ ΜῈ" dv, 
ris 


15. V and V’ are the potential functions due to two different 
distributions of charge on a given series of m conductors. There 
are no other charges present. Show that if a is the vector 
KV’ grad V—KYV grad V’, then div a=0. Next, using the 
= [ div a dv, deduce Green's 
Reciprocal Theorem (cf. § 23, ques. 3) that if the conductors 
carry charges Q,, Q,’ and their potentials are V;, V,’, then 


ΣΟ, = 2Q,'V;. 


divergence theorem | a.dS 


16, S,...,, are m conductors carrying charges Q, ... Q,, 
at potentials V, ... V,. A new conductor S,,,, is introduced 
carrying a charge Q,,4,;, and the new potentials are found to be 
Vi’, Va’ . «+» Ῥκαμ. The two fields are E and E’. Show that 
[ KE. Bd = [ KEY Bide ἀπο, Valen the integration being 
over all space outside the m+1 conductors. Deduce that if the 
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new conductor is either uncharged or put to earth, the electrical 
energy is diminished (cf. § 17). 

17. The volume charge distribution p in a given electrostatic 
system, and the total charge on each conductor, are kept un- 
altered, but the dielectric constant is changed from K to K+-K’, 
K and K’ are not necessarily constant throughout all space. 
The value of the field from E to E+E’. ἘΠ᾿ and K’ 
are small quantities. Show that div KE’ = —div K’E, and 


[ xz.as = — | Ke’as over each conductor. Further, 
writing E = — grad V, and using Green’s theorem, prove that 
[ xe. soar ἐμ νῷ and deduce that the change in 


energy is — [Ξ —— dv. (Notice that this proves Thomson's 


theorem that an increase in the dielectric constant without 
alteration of charges decreases the energy of the field.) 

18. Show that the field inside the cavities of Fig. 26 in § 34 
may be obtained by the use of the apparent charges discussed 
in § 25. 


CHAPTER V 
STEADY CURRENTS 


§ 33. The current vector 


In our previous chapters we have considered only problems 
in which the electric charges were at rest: if charges are 
moving we say that there is a conduction current. This 
current is measured by the rate at which charge crosses unit 
area. In metals (see § 2) the conduction current is carried 
entirely by the conduction electrons; but in electrolytes 
both positive and negative charges are moving and the total 
conduction current is the algebraic sum of the two individual 
currents, In this chapter we shall only be concerned with 
steady currents, that is, problems in which the current 
flowing is independent of the time, though it may vary from 
place to place. Suppose that at a point P the charges 
moving with mean velocity v; then if there are N chars 
particles per unit volume and they each carry a charge 6, 
we define the conduction current vector, or current 
density j, at P by the relation 

j= Nev . Ξ . . Ὁ} 


The direction of j is the direction in which the current flows ; 
the magnitude of j is a proper measure 
of current density, for if dS is an element 
of area (Fig. 27) all the charge within the 
tiny cylinder standing on dS as base and )\ 

having generators of length » will cross or 


ri 
hs 


yo™ 
dS in unit time. The volume of this FLOW 
cylinder is v.dS, so that the total charge Fic. 27 


involved is Nev.dS, i.e.j.dS. Following 
the precedent of ὃ 9, we call this the flux of j across dS. 
13 
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We can similarly speak of the flux of j across any larger 
surface ; this quantity will be given by the surface integral 


[1.45. snd’ ‘Scent Hi! eos SO 


It is important to realise that our definition of j shows 
it to be a vector quantity. We must not therefore confuse 
it with the total current ὁ flowing in a given wire, a physical 
phenomenon with which we are all quite familiar. In fact, 
this latter quantity may be obtained by calculating the flux 
of j across any surface cutting through the wire. Thus 


i= [ies . oie el 


where the integration is over any cross-section. It may or 
may not happen that j is constant over this cross-section. 

Since j is a vector quantity we shall have lines and tubes 
of j just as we have previously discussed lines and tubes of 
E and D. We describe these as lines of flow, and tubes 
of flow. The differential equation of the lines of flow is 


ἄ dy dz 
spite crimbyatns hh τῷ Yada d ORME 
Je ἢν ἧς 


Let us draw any closed surface § and consider the balance- 
sheet of charge inside 8. If p is the volume density of charge 


the total included charge is | pdv, and the rate at which 


this is decreasing is — | fae This decrease is due to the 
outward flow of charge from S, so that by (2) 


-[ξώ [i.as . 7 totenwys: Ae 


Ἵ 


— κασι 
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Transforming the right-hand side by the divergence theorem 
we get 3 
(aiv +2) dv = 0. 


Since this result holds true for any volume, the integrand 
must vanish identically. This proves the equation of 
continuity 


dint τοῦς τς ᾿ ᾿ . . (6) 


An exactly similar equation occurs in the flow of liquids.* 
The present chapter is solely concerned with steady con- 
ditions, so that τ vanishes. In this case the equation of 
continuity simplifies to 
div j = 0 . * . . (7) 


The flux equation (5) needs modification if our surface § 
encloses any source of current. Places where current enters 
or leaves a conductor are known as positive and negative 
electrodes. If we draw S to surround an electrode the total 
flux out of S must equal the current ὁ flowing from the 
electrode, sometimes called the strength of the electrode. 
Thus 


[ i-as =<. Similaires aie 


This current 7 is clearly equal to the total strength of all the 
tubes of flow that start on the surface of the electrode. 


§ 34, Conductivity 
We must now consider in more detail the means whereby 
a current flows. In the first place, as can be seen experi- 
mentally by joining together two charged conductors, currents 
flow from regions of higher potential to regions of lower 
ὁ Cf. Rutherford, Vector Methods, 1946, p. 104. 
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potential. As we are here concerned with steady flow, the 
potential will have a definite constant value at any given 
point, the necessary differences of potential at the electrodes 
being maintained by an accumulator or battery. 

In the second place the velocity v of the charges, introduced 
in (1), is surprisingly small. For example,* in a wire of 
1 sq. mm. section carrying a current of 1 ampere, the value 
of v is of the order of 1 cm. per second. This is very much 
less than the random velocities of the electrons which are of 
the order of 107 cms. per second. This is important for two 
reasons : one is that the flowing of even a large current makes 
very little difference to the general distribution of velocities, 
so that many quantities, e.g. the time between two collisions, 
are unaffected by the current; the other is that the mean 
velocity v of the charges lies in the same direction as the 
field E causing the motion. This would not be the case if, 
for example, the electrons were able to acquire a large drift 
momentum, for when the direction of E changed, this 
momentum would resist any change in the direction of flow. 
As it is, we have the result that j and E are parallel vectors, 

Experimentally it is found that j is proportional to E, 
and we write 

$e wring, οἱ 


where σ᾽ is the conductivity of the metal. The conductivity 
varies with the temperature, but is independent of the 
shape of the conductor. We can understand this law, which 
is known as Ohm’s law, by the following argument, due to 
Drude. 

Consider a particular conduction electron. There is an 
average time + between successive collisions of this electron 
with the non-conducting material of the metal. If we suppose 
that after each such collision the electron rebounds in a perfectly 
random direction, then the drift velocity v in the direction 
of the field represents the mean additional velocity acquired 


* See Jeans, Hlectricity and Magnetism, 1927, p. 307. 
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by the electron in the interval 7 between successive collisions. 
If the field is E and the electron has charge 6 and mass m 
the force on it is eE, so that its acceleration is eE/m in the 
direction of flow. This acceleration does not vary with the 


cE 
time, so that the mean drift velocity v is given by v = =< t. 
But, from (1), j = Nev; so eliminating v, 
= 
~~ 2m 


This is Ohm's law, with the condition o= Ne*r/2m. For 
copper σ is about 5 x 10%? in e.s.u.,* and e*/2m is about 1-3x 108, 
so we should require Nr =4x10° approximately, The 
number Ν᾽ οὗ free electrons is about 2x 10™ per c.cm., so that 
τ is roughly ΦΧ 10-18 sees, This is the time between successive 
collisions. If we assume, on other grounds, that the average 
velocity is about 107 cms. per second, this gives a distance 
of about 2x 10-* ems. between collisions. Since the distance 
apart of neighbouring nuclei is about 2x10-° cms., this 
explanation of Ohm’s law is entirely reasonable. It is true 
that recent quantum theory has thrown doubt on several 
details of the arguments above, but it is still true to say that 
this represents in essence a correct picture of the conduction 
current in a metallic conductor, In particular it explains 
why j is proportional to E, and why the conductivity is a 
constant dependent only on the material of the conductor. 
The quantity 1|σ is known as the specific resistance, the 
reason for which we shall see shortly. 

In non-isotropic conductors, e.g. certain crystals, the 
current may flow more easily in some directions than in 
others, In such cases we may choose our directions of x, y, 
and z so that (9) is replaced by the three equations 


i= o,L,, ἦν ΞΞ ot, js = σῳῇ,. 
We shall not, however, discuss such problems in this book. 
4 ‘This as in column 8 of table 1 on p. 242, Is in units of seo-, 
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§ 35. Differential equations of the field and flow 


We are now in a position to summarise the equations that 
determine the field and flow. Thus: 


(i) E=-—grad PV. ὃ ; . (10) 
(ii) j = oE, : ° ; . (9) 
(iii) divj=0. . ; : ; . ὮΙ 


7 (i), (ii) and (iii) we have the differential equation 
or V: 
(iv) div(o grad V) = 0 ‘ 2 . (11) 


In the particular case when σ = constant, this last equation 
reduces to Laplace’s equation 


en a {ὦ 


In addition we have the boundary conditions :— 
_ (v) V is continuous, and at the surface of an electrode 
where a battery is providing charge at a definite potential, 


Visconstant. . .  . (13) 


(vi) This last condition, combined with (i) and (ii), shows 
that current leaves an electrode normally, and we have already 
seen that if the total current leaving an electrode is i, then 


[1.48 = t adtemenna xt. is Cae 


(vii) At the boundary between a conductor and an 
insulator or vacuum there can be no normal flow of current, 
so that 

i δ» 25) ea ve. eee 


An example of this last result is found in a wire, where, 
however bent the wire may be, the normal component j, = 0 
at all parts of the wire’s surface. 

Equations (i) to (vii) constitute the differential equations 
of steady flow. 
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§ 36. Resistance 


Suppose that we have a conductor of any shape with a 
current i entering at one electrode and leaving at another. 
If the difference of potential between the two electrodes is 
V, we define the resistance F of the conductor as the ratio 


ἘΝ on ΤΣ 


Tt is easy to see that FR is a property of the conductor and not 
of the current flowing through it, since if j is everywhere 
increased by a constant factor k, both V and ¢ will be similarly 
increased so that V/i remains constant. Equation (15) 
is sometimes referred to as Ohm’s law. But it is less 
fundamental than (9), from which indeed it follows. 

Consider for a moment the particular case of a straight 
wire of length 1 and constant cross-section A, the electrodes 
being plane sections perpendicular to the wire, with potentials 
V, and V,. All the conditions (i) to (vii) are satisfied if j is 
constant throughout the wire and equal in magnitude to 
o(V,—V,)/t. The total current is i =jA = cA(V,—V,)/l. 
Hence according to (15) the resistance must be l/cA. 

If the wire is a block of unit sectional area and unit length, 
the resistance is simply l/o; this justifies our calling l/o 
the specific resistance in ἃ 84, 


§ 37. Heat loss 


It is easy to see that there is a loss of electrical energy 
when a current flows: for charge is continually falling 
from regions of higher potential to regions 
of lower. We can calculate this loss of B 
energy, which shows itself in the generation ds 
of heat, by considering (see Fig. 28) what =a 
happens in a small element AB of a tube j 
of flow whose length is ds and cross-section a as 
dS. In unit time a total charge jdS flows Fie. 28 
into the volume at A and an equal charge 
flows out at B. There is a drop of potential Κ᾽, -- Κ΄,» and 
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hence the rate of loss of electrical energy in this small volume 
is (_V,—V,)j dS. But V,—V,=£ ds, and the volume 
element AB is dsdS, so that the rate of loss of electrical 
energy * is jf per unit volume. Since j and E are in the 
same direction we may write thisj.E. The total rate of loss 
is therefore 


[1:5ὼ -- | on τὰ 


We can transform (16) by using the divergence theorem. 
Thus 


[1:54 -- -- | jor V de 
= — | fav Vj—V div j}dv. 


The integral of the second term on the right-hand side vanishes 
since, by (iii), div j = 0. The integral of the first term may 


be transformed by Green’s theorem, and gives — | Vj.dS, 


where the integration covers the entire surface of the 
conductor. At a boundary between the conductor and a 
vacuum or a non-conductor, by (vii) ἢ, =0; at each 
electrode, from (v) and (vi), remembering that the direction 
of dS is out of the conductor, i.e. into the electrode, we get 
a contribution Vi, where V is the potential of the electrode 
and i the current flowing out from it. So the total loss of 
energy per unit time is 2 Vi. 

A simple explanation of this formula is obtained if we 
realise that at an electrode of potential V from which a charge 
+ flows out in unit time, electrical energy is being provided 
at a rate Vi. 2Vi therefore represents the total rate of 
provision of electrical energy, and hence, since the currents 
are steady, this must also be the rate at which electrical 

* Measuring j and E in electrostatic units. A constant of pro- 


portionality is required if, as usually hap in practice, j is measured 
in electromagnetic units. See Chapter V1. Ἢ 
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energy is being converted into heat energy. It is sometimes 
referred to as the Joule heat loss. . The mechanism of this 
change of energy is soon recognised from our description in 
§ 34. During the time between two collisions, each conduction 
electron acquires a forward momentum in the direction of the 
current. At the moment of collision this is communicated 
to the fixed substance of the conductor, the nuclei of which 
will therefore vibrate with more energy. According to the 
Kinetic Theory this energy of vibration may be described as 
heat, and reveals itself in a rise of temperature. 

If our conductor has just two electrodes at potentials 
V, and V,, the currents flowing out from them must be 
Εἰ and —i, so that the Joule heat loss may be written in 
either of the forms 


(Vi—-V,)i=PR=(V,-V)YR  . (ἢ 
Students of physics will recognise this formula as the one 
generally used in calculating the heat produced in a wire 
carrying a current. 


§ 38. Comparison with electrostatics 
If we compare the equations of current flow (i) to (vii) 
of § 35, with the equations of the electrostatic field in 
Chapter IV, we shall notice that the two sets are exactly 
equivalent mathematically, provided that we put p =0 in 
the electrostatic problem. ‘Thus, putting corresponding 
quantities in parallel columns : 
j=oE |D= KE, 
div (o grad V) =0 | div (K grad V) =0, 


electrode equation [1.5 Ξε ᾧ Gauss’ equation [D.a8—4n0, 
| KE 
heat joss [σειν electrostatic energy | a dv. 


It therefore follows that any theorem proved for electrostatics 
has an exact analogue in the flow of steady currents. In 
F 
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particular, if we have solved the problem of a condenser with 
two plates at definite potentials V, and V,, carrying charges 
+Q, so that the capacity C is Q/(V,—V,), we get immediately 
the solution for a steady flow of current between two electrodes 
at potentials V, and V, in a medium whose conductivity has 
the same numerical value as the previous dielectric constant. 
The equations listed above show that the current i is 
numerically equal to 4nrQ. But the resistance R is 
(V,—V,)/¢ which clearly has the same numerical value as 
(V,;—V,)/47Q, that is 1/47C. Thus the resistance of a 
conductor corresponds in the mathematical analysis to 1 4πῦ. 

The equivalence of the mathematics for the two types of 
problem enables us to state at once : 


(a) If given total currents flow from certain electrodes 
the current density in the medium distributes itself in such 
a way that the Joule heat loss is a minimum (cf. § 29). 

(6) If the conductivity of any part of a conductor is 
increased, the resistance of the whole conductor will be 
decreased (cf. § 32, ques. 17). 

(c) If, when a series of electrodes are kept at potentials 
V,, Va, ... the currents leaving them are i,, i,,...: and 
if when the potentials are changed to γ᾽, V,’,... the 
currents are ἐγ΄, ἐφ΄, . . ., then 2iV’ = 2i’V (cf. ὃ 32, ques. 15. 
This is another case of Green’s reciprocal theorem.) 


The student is advised to prove these results directly, 
without reference to the earlier work; this will familiarise 
him with the technique and fundamental equations of this 
chapter. 


§ 39. A worked example 


In media where the conductivity is constant, the 
potential equation (11) is merely Laplace’s equation V2V = 0. 
If we take any solution of this equation, V = V(x, y, 2), it 
gives us the solution of a problem in current flow between 
electrodes whose shape coincides with any two of the equi- 
potential surfaces V(x, y, 2) = constant. 


STEADY CURRENTS 93 


In plane polar coordinates (r, 6) the function V = c@ is 8 
solution of Μὴ} = 0, ifcis a constant. Equipotential surfaces 
are given by @= constant. The 
field is given by E= —grad ΚΓ’, 
Its magnitude is c/r and it is 
directed perpendicular to the radius 
vector. Thus the current j = cE 
flows in circles about the origin. y 
This is clearly the solution for the ΣῈ 20. 
flow of current in a thin strip 
(shown shaded in Fig. 29), lying in the xy plane, bounded by 
any two concentric circles and having the lines AB, CD as 
electrodes. 


The total current leaving AB (@ = 0) is | j.aS. If ¢ is 


the thickness of the strip, then since j = -=, this becomes 
bg 
-αὐ | μή = —col log 4 
«Ὁ a 


But the difference of potential between the electrodes AB 
and CD is —ca, where a = / AOC. Hence the resistance of 


the strip is 
t lo y 
a/ ot wg 3}. 
§ 40. Networks 


We have not so far referred in detail to the mechanism 
whereby a potential difference is provided between two 
electrodes. ‘The most convenient source of potential is a 
battery, or accumulator, in which the energy needed to 
make the current flow arises from chemical action between 
the plates, or terminals, of the battery. For our purposes 
it is sufficient to regard a battery as a discontinuity in 
potential, and we shall speak of the electromotive force 
(e.m.f.) of a battery as the difference in potential between its 


. ee 


— a σώ 
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terminals. Ifthe battery is joined to the two electrodes of a 
conductor, and if we may neglect any internal resistance in 
the battery, the e.m.f. must be exactly equal to the drop in 
potential from one electrode to the other. To distinguish 
the e.m.f. from the field E, we shall label it €. 

Suppose we have a wire AB of resistance R carrying a 
current ὁ. The drop in potential between its ends is Ri. 
But if there is also a battery E (Fig. 30), the drop of potential 
is Ri—€, since on crossing the battery in the direction from 
A to B there is an increase of € in the potential. 


If we have a series of wires joined together in any way, 
we describe the result asa network. Some or all of the wires 
may contain batteries. If current is generated wholly or 
partly by outside batteries we call it an open network; 
but if the system is complete in itself with no outside 
connections it is a closed network. Fig. 31 shows an 
example of a closed network containing two batteries, in the 
arms AB and DE. 

Let the current in AB be called i,, and be positive if the 
direction is from A to B. Then is, = —igy. Similarly let 
the total e.m.f. in AB be Egp, and be positive if, as in Fig. 30 
the positive terminal is towards B. Thus, in Fig. 31, Ey, 
and Ep x are positive, all the others being zero. 

Since no current is being stored up at any point of the 
network, the total current leaving any juncture such as A 
must be zero. Thus 


igpttagtign = 0 pra Bo | 
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This is Kirchhoff’s first law; there is a similar equation 
for each of the points in the network. 

We can establish another series of equations by selecting 
any complete circuit in the network. Thus let us select the 
circuit ABBA. Evidently the total drop in potential round 
this circuit must be zero. Hence we obtain Kirchhoff’s 


second law: =(Ri—E) =0, . : . (19) 


the summation being over all the elements in the circuit 
taken in a continuous direction round the circuit. Each 
possible circuit gives a separate equation. However not all 
these are independent. For example, the circuits ABEA 
and BCEB give two equations which when added together 
are equivalent to the equation from ABCEA. The complete 
system of equations provided by Kirchhoff’s two laws is 
sufficient to solve completely the problem of current dis- 
tribution in the arms of the network. The theory of networks 
has been developed quite extensively by electrical engineers, 
but we shall be content with one example to illustrate the 
way in which calculations are made. 


§ 41. The Wheatstone Bridge 


Consider the closed network in Fig. 32, known as Wheat- 
stone’s Bridge. The only battery is in the arm AC, supposed 


Fie. 32 


to have zero resistance. Let the other resistances be A, 
R,,... R, as shown, and the corresponding currents 
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i,, tg... 5; # being the total current taken from the 
battery δ. 

Applying Kirchhoff’s first law at A, B, C and D in turn, 
we get ee ως. ?: 
t+, = 1, ty => tots, 
ig +t, Ξ-Ξ ‘, ty = ἧς, --ἶς. 


Applying the second law to the circuits ABDA, BODB 
and ABCEA, we get 


Ry ἘΠ ῖς = Ry, Ryig—Rsig = Ryiz, Ry +Ryi, = E. 


When these equations are solved the currents are known in 
all branches of the network. The most interesting case is 
that in which the resistances are adjusted so that no current 
flows through BD. This is generally tested by having an 
ammeter or galvanometer in this arm. Then 7 

y= ty, ts = %, ts = 0, 
hii, = Ra, Ἐκ, = R,ig. 


Eliminating the ratios of the currents we obtain the familiar 
condition which gives us any one resistance in terms of the 


other three : Rice BR Css Oa 


§ 42. Heat generated in a network 


A network of conductors is merely a particular case of a 
conductor, so that the theorem proved in § 38 (a) for the heat 
generated by a flow of current may be applied directly. This 
gives us the following result :— 

If in an open network containing no batteries, a total 
current ¢ is introduced at one point and removed at another, 
the current will distribute itself over the branches of the 
network in such a way that the heat generated in the network 
is a minimum. 

There is a corresponding theorem which applies in a 
closed network. The result, which we shall not prove, is that 


23 5(Rypias—2E 48) is @ minimum . « (21) 
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ὃ 43. Examples 

1. Twelve equal wires of resistance R are joined at their 
ends to form the edges of a cube. If current enters and leaves 
at opposite corners of the cube, show that the resistance is 
5R/6, and if it enters and leaves at two ends of one wire the 
resistance is 7/2/12. 


2. A set of resistances R, ... R, are joined in series (c.f. 
§ 21). Show that the total resistance R equals #,+ ... ἜΜ. 
But if they are joined in parallel 


3. Show, on the basis of Drude’s theory of conduction (§ 34) 
that the rate at which energy is given up by the conduction 
electrons to the non-conducting material of the conductor is 
j.E per unit volume. Notice that this provides another proof 
of the Joule heat loss (16). 


4, Show that in steady flow the strength of a tube of flow 
is constant along its length. 


5. Show that lines of flow are refracted at the boundary 
between two media of different conductivities. 


6. Show that if a steady current with normal component 
j is flowing across the boundary between two conducting media 
in which the dielectric constants are K, and K,, there must 
be a charge density on the surface of magnitude 


7. A conductor is in the form of a cylinder of arbitrary cross- 
section S bounded by two almost parallel plane sections. If é is 
the distance between corresponding points on the two ends, 
show that the resistance Ff is given by 


er 
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8. Prove equation (21) that if in a closed network of wires there 
are batteries of e.m.f. E47 then the currents distribute them- 
selves insuch a way that Σὲ. (Ry pi,p—2E4R) is ἃ minimum. 


9. Use the result of equation (21) applied to a closed network 
of wires in which there are batteries of fixed e.m.f. to show 
that if any two points of a network are joined by a wire of 
arbitrary resistance the total heat generated is increased. Show 
also that if the original network is an open one in which there 
are no batteries its resistance is decreased by joining any two 
points, 


10. Prove the theorems (a), (δ), (c) of ὃ 38 for the flow of 
current without quoting the corresponding theorems proved in 
electrostatics. 


11. Use Green’s reciprocal theorem (§ 23, ques. 3) to show 
that if AB and CD are two arms of a closed network containing 
no batteries, then the current in AB when an e.m.f. € is in- 
troduced in CD is the same as the current in OD when the 
e.m.f. is introduced in AB. Ifa battery in AB produces no current 
in OD, AB and OD are called conjugate conductors. Show that 
in this case a current entering the network at A and leaving at B 
produces no current in OD. 


12. Οἱ is a closed curve in the zy plane lying entirely on the 
positive side of the y axis. This curve is now rotated through 
180° about the y axis. The volume between the curved surface 
so formed and the two plane ends is filled with a uniform 
conducting material. If when the two ends are electrodes the 


resistance is R, show that Σ == | => where the integration is 
: TT 
over the area embraced by the curve C. 


13. Show that the potential function V = A (- -- -) represents 
2 6% 


the flow of current between two small spherical electrodes in an 
infinite conducting medium, r, and r, being distances from the 
centres of the two electrodes. If the electrodes are of small 
radii c, and ¢, placed a distance a apart show that the 
resistance between them is approximately R,+,, where 
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R, = (a—¢,)/4reac,, R, = (a—0,)/4roae,. This result _allows 
us to speak of an electrode resistance RF associated with one 
electrode and independent of the other. Καὶ tends to infinity as 
c tends to zero. 


14. A and B are opposite ends of a diameter AOB of a thin 
spherical shell of radius a and thickness ¢. Current enters and 
leaves by two small circular electrodes of radius ¢ whose centres 
are at A and B. If i is the total current and P is a point on the 
shell such that the angle POA = 6, show that the magnitude of 
the current vector at P is i/(2vat sin 6). Deduce that the 


1 c 
resistance of the conductor is —— log cot —. 
παὶ 2a 


15. The space between two coaxial cylinders of radii a and b 
and of length ¢ is filled with a medium of conductivity σ. Show 


ee | b 
that the resistance between the two cylinders is Ξ- log τῇ 


16. What problems in three-dimensional steady flow of current 
are solved by the potential functions (i) V = Azy , (ii) V = 
Ax 


eta 
17. Show that if the ares AC and BD in Fig. 29 are taken 
to be two electrodes the resistance of the conductor is changed 


1 b 
to sat Sa° 


18. A and B are opposite ends of a diameter of a thin circular 
disc of radius a and thickness ¢. Current enters and leaves the 
disc by two circular wires whose centres are at A and B and 
whose radius c is much less than a. Show that the distribution 
of current may be obtained by taking V = ὃ log r,/r,, where Τὰ 
and r, are distances from A and B, Deduce that the lines of 
flow are circular arcs through A and B, and that the resistance 


2 2a 
of the dise is — log —. 
mot δ 


19. AB is a uniform telegraph wire. At some unknown 
point C of the wire there is a fault, i.e. a resistance of unknown 
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magnitude connecting O tothe earth. B is put to earth potential 
and an e.m.f. is applied at A. Next A is put to earth potential 
and the e.m.f. is applied at B. The total resistance is measured 
in each case. Show how to determine the position of C from these 
measurements. 


20. In a uniform submarine cable there is a leak resistance 
r per unit length and the resistance of the cable is R per unit 
length. At distance z along the cable the potential is V and the 
current ist. Show that <r = — Ri and = = ie Deduce a 
r 
differential equation for V, and show that if the cable is of length 
i the two ends being at potentials V, and 0, then 


V = V, cosech 1! sinh (Vv; (-2)). 


CHAPTER VI 
MAGNETIC EFFECTS OF CURRENTS 


§ 44, Magnetic effects of a small coil 


Our discussion in Chapter V was solely concerned with the 
flow of current within one single conducting system; if we 
consider two distinct systems we discover that these exert 
forces on one another. The discovery of this effect goes back 
to Oersted (1820) who found that an electric current could 
exert forces precisely similar to those exerted by the so-called 
permanent magnets. We therefore speak of these effects 
as the magnetic effects of a current. In this chapter we shall 
deal with such effects when the medium in which they take 
place is a vacuum. However, just as in the electrostatics of 
Chapters II and III, very little difference occurs if the 
medium is ordinary air. The actual difference is discussed 
in Chapter VII. 

The full investigation of these mutual effects between two 
currents is due chiefly to Ampére. His conclusions may be 
summarised as follows :— 


(i) Two small coils carrying currents exert forces on each 
other of precisely the same type as those exerted by two 
electrical dipoles. This means that each coil experiences both 
a force and a torque, and these have the same dependence on 
angle and distance as is involved in eq. (18) of Chapter 11], 

(ii) If the wires bringing the current to and from the coil 
are very close together, they contribute nothing to these 
forces between the coils. The forces therefore are solely due 
to what happens in and near the coils themselves. 

91 
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(iii) Eq. (18) in Chapter III shows that the absolute 
magnitude of the forces depends on two vector quantities 
m, and m,. We must therefore associate with each small 
loop a vector, known as the magnetic moment of the loop. 
The correct angular variation of force and torque is obtained 
if the magnetic moment is directed perpendicularly to the 
plane of the loop, and points along the positive direction of 
the normal. This direction is such that a right-handed 
rotation about it takes us round the loop in the same direction 
as the current in the loop. An individual measurement of 
force or couple between two coils gives us the product m,mg. 
To get m, or m, alone we must consider three small coils ; 
taking them in pairs we determine the products m,m,, mig, 
m,m;, from which m,, m, and m, are each separately found. 

(iv) The magnetic moment m of a small loop carrying a 
current ¢ is proportional to the current i and also to the area 
of the loop dS. It is independent of the shape, provided 
that the area is constant. We may therefore write m = ki dS, 
where & is some universal constant, 


§ 45. Electromagnetic units 


This last result gives us a new way of measuring current. 
We define the c.g.s. electromagnetic unit of current by 
putting k = 1, so that unit current gives a magnetic moment 
m equal to dS. In general, with current 4, 


m=ids . : j . (2) 


Units based on this definition are called electromagnetic 
units (e.m.u.), since they depend on magnetic effects. The 
student may wonder why it is necessary to have two different 
sets of units. The explanation is partly that before 1820 
the subjects of electrostatics and magnetism grew up quite 
separately, and only later were seen to be related; partly 
also that, because currents are usually measured by their 
magnetic effects and charges by their electrostatic effects, 
it is convenient to have units simply related to the type of 
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measurement usually made. The two systems are of course 
related. If we use the c.g.s. system it turns out that 


1 e.m.u. of current is approximately 3 x 10" €.8.u. of current (2) 


We shall have more to say about this ratio, which is known 
as 6, in Chapters XIII and XIV, where we shall see that it 
represents a fundamental velocity. For the rest of this 
chapter, however, we shall use e.m.u., and adopt (1) as our 
definition of current 4. 


§ 46. Magnetostatic field 


It is a natural development from our earlier work to 
introduce a field whereby the mutual interaction between 
two circuits may be communicated. Indeed, if like Faraday 
we refuse to accept the idea of action-at-a-distance, we are 
led automatically to a magnetic field, represented by some 
vector H. We cannot, of course, define H just as we defined 
E, since there is no magnetic particle corresponding to an 
isolated electrostatic charge. But we can say that there is 
a magnetic field H at any point P if a little coil, sometimes 
called a search coil, carrying a current experiences a torque 
when placed at P. And we can measure H in terms of this 
torque ; in fact, using eq. (16) of Chapter Il, His determined 
by the fact that the couple exerted by the field on a small coil 
of magnetic moment m is given, both in magnitude and 
direction by 

couple =mxXH. , : . (3) 


H is usually called the magnetic field, but in steady cases 
such as we are discussing in this chapter a better title is 
magnetostatic field. This field is a vector field, so that 
all the discussion of lines of force, tubes of force and unit 
tubes, which we have given in relation to E, D and j, will 
apply equally well to the magnetostatic field. 

Thus, in equation (17) of Chapter IIT we showed that the 
potential energy of an electric dipole m in a field E was —m.E, 
It follows that in the presence of a magnetic field H, the 
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potential energy of a small electric coil with constant current 
tis —m.H, Thus, 


potentialenergy = —-iH.dS . . . (4 


It also follows, by analogy with electrostatics (see also 

§ 50), that H is derivable from a potential 2, and we may 
write 

Η -Ξ —grad Q, . . " Γ (5) 


where £22 is called the magnetostatic potential. 


§ 47. Magnetic poles 


The discussion of the magnetic field due to currents has 
so far followed much the same lines as our earlier discussion 
of the electrostatic field, except that we have always used 
parallels involving electric dipoles. The question immediately 
arises, whether there is any magnetic particle that corresponds 
to a point electric charge. This is particularly important 
because we defined an electric dipole as consisting of two 
large equal and opposite charges a short distance apart. 

In the olden days it was supposed that there were positive 
and negative magnetic poles, and that these acted on each 
other with inverse-square-law forces; so that two of them, 
a short distance apart, gave rise to a magnetic dipole with its 
magnetic moment m. Now the earth’s magnetism may be 
regarded, approximately, as due to a large magnetic dipole 
pointing roughly along the polar axis. So isolated magnetic 
poles that were attracted to the North were called North 
poles, or North-seeking poles; and similarly for South 
poles. If we accept this postulate it is possible to develop 
all the analysis we require just as in Chapters II to IV; but 
the whole scheme is purely formal because we can never 
isolate a N. or 5. pole. As Poisson discovered when breaking a 
permanent magnet, N. and S. poles always exist in pairs, 
forming in fact magnetic dipoles. 

For this reason we shall not use the idea of an isolated 
pole in this book, except occasionally to illustrate a 
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phenomenon. It is not necessary to presume the existence of 
any magnetic poles, and it is better to discuss all magnetic 
phenomena in terms of magnetic dipoles. We say that 8 
magnetic dipole of moment m equal to 7 dS is associated 
with a current i in a small coil of area dS. All the formule 
we require, such as field, torque, energy, etc., depend upon 
m and not upon the pole strength or distance apart. 


§ 48. Large coils 


Our discussion has so far centred around small coils. 
Suppose (Fig. 33) that a current ¢ flows round a large coil 
having the contour 8. Draw any surface § spanning s and 
divide it by a grilled network of lines 
into a series of small closed contours, 
such as ABCD, AEFB. If we imagine 
a current ὁ to flow around each such 
contour in the direction marked by the 
arrows, the total current in AB will be 
zero, since the contributions from the 
two marked contours exactly cancel. 
The same is true for all lines except the 
outer contour 8, m which a current 4 
flows. Since no current flows in AB 
it does not matter whether there is a wire there or not. 
Thus the current i in the large coil is equivalent to a current 
i in each of the smaller circuits. The magnetic effect of the 
large coil is therefore the same as that of a series of magnetic 
dipoles of moment i dS covering the surface S. This is 
referred to as a magnetic shell of strength 7. The reader 
will recognise that it is the magnetic counterpart to the 
electric double layer discussed in § 20. If we were working 
in terms of magnetic poles we could regard a magnetic shell 
as a layer of N. poles slightly separated from a parallel layer 
of 5. poles. 

We must be careful, however, not to assign too real a 
character to this magnetic shell; for any surface that spans 
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the wire s is an adequate representation of the magnetic effect 
of the original current ; and all such magnetic shells must be 
equivalent in calculating the potential. 

Arguments similar to those of § 18 in Chapter III show 
that the magnetostatic potential 2p at P, due to a single 
magnetic dipole of moment m is 


m.r mecos@ 
Downe eet 


where θ᾽ is the angle between the direction of m and the 
radius vector from the dipole to P. 

In the case of a magnetic shell, we have to replace m 
in (6) by ¢ dS, and then integrate over all elements dS of the 
magnetic shell. The calculation is just like that which was 
— in § 20 when discussing the electric double layer. 
Ἢ fact : 


aoe tdw =iwp, . ᾿ (7) 


where wp is the solid angle subtended by the wire at P. The 
solid angle is to be regarded as positive if P lies on the positive 
side of the wire (see (iii) in § 44). Equation (7) shows that 
the final value of 2 depends only on the current i, the shape 
of the wire and the position of P; as we should expect, no 
mention of which particular magnetic shell we choose occurs 
in the potential. This must be so, since as we said before, 
all magnetic shells are equivalent, provided only that they 
are bounded by the given wire s. 

Formula (7) is important. Let us use it to calculate the 
change in 2, written [2], when we move round a complete 
closed path. As the point P moves wp changes in a con- 
tinuous manner, but if we return to our starting point without 
passing through 8, then ὦ» returns to its original value, so that 
[Ω] = 0. If, however, our path embraces 8 once, there is a 
change of ἀπ inw. The student should draw a few diagrams 
to illustrate this, and verify that if the path passes through 
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the wire circuit in the positive direction, ὦ decreases by 47, 
so that 
[Q] = —4ni. 


We call this “threading the circuit positively.” Thus, in 
general terms : 


for a path not threading the coil, [2] = 0, 
for a path threading the coil N times, [Q] = —4nNi . (8) 


If the coil consists of n turns of wire wound close together, 
the values given in (8) must all be multiplied by n. 

The quantity 4πὶ, which we introduced above, represents 
the drop in magnetostatic potential as we traverse a particular 
contour. It plays a somewhat similar role in magnetism to 
the corresponding drop in electrostatic potential which 
occurs in electrical problems, and which we refer to as 
electromotive force (e.mf., represented by δ). For that 
reason we call it the magnetomotive force (m.m/f., repre- 
sented by #’), and write : 

F = ἀπὶ for a closed path embracing the coil once, 

F = 47Ni for a closed path embracing the coil N times, 

F = ἀπηὶ for a closed path embracing a coil of πὶ turns once. 


If we were using isolated magnetic poles, we should 
interpret this in language which is probably familiar to the 
reader, viz. “‘ the work done in carrying a unit pole round a 
complete circuit is ἐπὶ, where ¢ is the current embraced within 
the path.” 

Equation (8) shows that 92 is not a single-valued function, 
but may have any number of values all differing by an integral 
multiple of 47i. The student will wonder why, if the 
magnetostatic potential is many-valued, the corresponding 
electrostatic potential is not. The explanation lies in the fact 
that in the electrostatic case, as we cross a double layer of 
strength p there is a sudden change in V of 4p (see § 20 
and also § 23, ques. 20). But in the case of the current, the 
magnetic shell is merely an artifice to enable us to calculate 

a 
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the potential: as we have seen, it has no real existence 
(though it may have for permanent magnets, see Chapter 
VIII). Hence there is no corresponding jump in {2 to balance 
the decrease of 4m in solid angle. 

We can write (8) in a useful form by using the fact that 
H = —grad 2. For if ds is any small element of length 

H.ds = —grad 2.ds = τόσῳ = —dQ2, 

where dQ is the change in 2 along ds. Integrating this result 
for any closed path which threads the circuit once, we have 


[ Has = — [ dQ = — [Ω] -- ἐπὶ lk 


If we cross the magnetic shell from the negative to the positive 
side, then the potential 2 decreases by ἀπὶ in the complete 
circuit: this verifies that our sign in (9) is correct. If we 
take a closed path which does not embrace the current, then 
(9) becomes 

Stemn . «we, ΗΝ 


§ 49. Solenoids and circular coils 

Consider a circular wire of radius a, with its centre at O, 
carrying a current 7 as shown in Fig. 34. The potential at 
P, by (7), is 


= 2ni (1 


Ζ 
πῆ} . ΓῚ ἂ (11 


where z = OP, 
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From this we soon calculate the field H at points on the 
axis. (A full discussion of this problem enabling us to calculate 
Q at points off the axis as well, is reserved for Chapter IX, 
ξ 81). In fact 

Η -- . δ2 _—_—2mia* 
éz (α3- 2233 yr 


At the centre of the coil, H = 2mi/a. If there are n turns we 
obtain the familiar formula used in tangent galvanometers 


ον, 5 OR” εὐ 


Next suppose that we lay a large number of similar 
coils side by side with their centres along OP, so that they 
form a solenoid. We can effec- 
tively achieve this by winding the 
wire in a helical shape. If each 
turn carries the same current ἢ 
and there are ἢ turns per unit 
length, then the total potential 
at P is found by integrating the 
previous formula for {2p. In fact, 
if the ends of the coil are given by θ = a, θ = β (see Fig. 35), 
and z is measured in the direction OP, 

ἢ πα 


Qp= | — 2i(l—cos θ) nds 
§= β 


. (12) 


Ran 
= — 2nni [ (1—cos 0)a cosec® @ dé 
=2nnia (tanja—tan}s) . .  . (14) 


We can calculate the field H at P either by a corresponding 
integration of (12), or, more easily, by using (14) in the 
equation H = —grad 2. By symmetry H is directed along 
the axis of the solenoid, and in fact 


Hp = 2rni (cos B—cosa) . : : . (15) 
If the solenoid is very long, then at all points inside it, but 
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some distance from the ends, we can put a = +7, B = 0. 
Thus the field inside a long solenoid is 

H = ἀπηὶ * - ᾽ 3 (16) 


ἢ 50. Flux theorem for H 


Since there are no isolated magnetic poles, it follows that 
lines and tubes of H can never end. The corresponding flux 
theorem (see § 9) is that the flux of H out of any volume 
is zero, ice. [ H.dS =0. This leads at once to the differential 
em Opa cio! orm ae 

We can also write the circuital equation (10) in a differential 
form by using Stokes’ theorem that fa-ds = [οὐ a.dS, 


This shows that four H.dS = 0 for any surface, open or 


closed, not cutting a current. Hence in any region where 
“οτος τοι 


Now since curl H = 0 it follows that H may be expressed 
as the gradient of a scalar quantity. This is of course the 
magnetostatic potential 2, which justifies our assertion in 
§ 46 that H = —grad Q. 
If we combine div H = 0 and H = — grad 2, we once 
more obtain Laplace’s equation 
Mie iiss «Cf 8, 


It is important to realise that this only holds in regions not 
occupied by current. 
§ 51. Field of a straight wire 


By taking any solution of (19) we can obtain the magnetic 
field for a certain set of currents. Now one of the simplest 
solutions in cylindrical polar co-ordinates r, 0, z is 


Ώ = Ad, 
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where A is constant. It follows,* since H = —grad 2, that 
A 
H, = ῦ, Ho = me H, == ὃ. 


If we take any closed path which does not embrace the 
z axis, [Ω] = 0. Hence, by (8) the only current must be along 
this axis. If our path embraces the z axis once positively the 
increase of Q in going round it is 27A, so that [§2] = 27A. 
Thus, again using (8), we see that the current flowing along 
the positive direction of the z axis is —A/2, a result that 
could equally well have been obtained according to (9) by 
integrating H.ds round a circle parallel to the zy plane 
whose centre was on the z axis. 

This has proved that if a current ὁ flows in an infinitely 
long wire (taken to be the z axis), the associated magnetic 
field is 


H, =0,Hy=—,H, =0,2 = —2i6 . (20) 


Lines of Εἰ are therefore circles with centres on the wire, in 
planes perpendicular to the current. The reader has probably 
seen diagrams in which this fact is shown experimentally by 
means of iron filings which tend to align themselves in such 
circles. 


§ 52. Volume currents and the Vector Potential 


We have seen in § 50 that the equation curl H = 0 breaks 
down in a region where currents are flowing. To see what 
replaces it, we suppose that the current is specified by the 
current vector j. According to (9) [Has round any closed 
contour s is equal to 47 times the total current which is 
embraced by the contour. Let us take any surface S$ which 
spans s, Then the current embraced by the contour is equal 


* Formule for grad and curl in cylindrical polars are in Rutherford’s 
Vector Methods, 1946, pp. 72 and 73. 
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to the total current crossing 8; that is, the flux of j across § 
(see § 33, equation 2). So 


| Has = 4π [1.45 BS. ΞΝΝ 
Transforming by Stokes’ theorem : 
[ (curl H—4rj).dS = 0. 


This is true for all surfaces 8, Hence the integrand is 
identically zero, and the required new equation is 


curl H = ἀπὶ. ; Ν . (22) 


We can soon see that it makes no difference which surface S 
we take to span s. In fact, Se eee and 3, 
spanning 8, together they form a closed surface, and the 
total flux of j out of this surface is zero (equation (5) of § 33, 


with oe == 0). Bearing in mind the directions of the normals 


to dS, and dS,, this gives [1-85, = [1.459 proving that 
(21) is independent of the particular surface S chosen. Now 
curl grad 22=0, so that equation (22) shows that in regions 
occupied by currents (j0) we can no longer write H as 
—grad ὦ. In such cases the idea of a magnetostatic potential 
has to be abandoned. We therefore introduce a new type of 
potential, which becomes increasingly important in more 
advanced work. 

Since the equation div H =0 is not modified by the 
presence of j, it follows that we may write H as the curl of a 
vector. So let 

H = curl A*. ‘ ‘ . (23) 


A. is not completely defined by this equation since, if yb is any 
scalar function, curl (A+-grad ψ) = curl A. To complete 
the definition we usually add the extra condition that 


Ree SOY agg 


* In tho next chapter (23) is replaced by the more general equation 
B = curl A. 
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The vector A so defined is called the magnetic vector 
potential, or sometimes simply the vector potential. 

Now curl curl=grad div --- 3, so by combining (22)-(24) 
we obtain the standard differential equation for A: 


ΝᾺ -- --ἀπὶ. . : . (25) 


This is a vector equation, each component of which resembles 
Poisson’s equation (§ 10, eq. 20), and may be solved in the 
same way. In fact, provided that A tends to zero at infinity 
and there are no surface currents (or current sheets, as they 
are usually called), we may use the analysis of §§ 7 and 13 
to show that the appropriate solution of (25) is 


a-[ . ie ft) ἌΣ 


It is possible to show, though we shall not do so here, that this 
satisfies the auxiliary condition (24), viz. div A = 0. 

(26) takes a simple form if the current flows in a series of 
thin filaments, or wires. For then j is everywhere in the 
direction of the wire and so j dv may be replaced by ¢ ds, 
where i is the current flowing in the wire and ds is the vector 
element of length along the wire. Thus for a wire carrying 
current ὁ 

Mimhdieets ὃν org Cie {8 


Tr 


Each element of wire may be said to make a contribution 
(i/r)ds to A. Now 


The differentiations in this equation are with respect to the 
co-ordinates of the point P at which the field is being 
determined. These co-ordinates do not appear in ds and 
so curl ds =0. ~~ Al‘dso, if r is measured from ds to P, 
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‘ + 
gradp ata ot Hence the contribution to H from the 


element ds is 5 ds Xr, and by summation along the whole wire, 


=i / SS, a 


r 

In the special case of an infinite straight wire, in terms of the 
notation of Fig. 36, 

Ρ 


4 
Ae CURRENT i 
— 5 ἷ 


Fie. 36 


. [sin @ ds 
#=i| 7s . . ΓῚ . (29) 


This equation provides the easiest way of calculating the 
field of a uniform straight current, which we have already 
found by other means in ὃ 51. 
τ Equations (28) and (29) are known as the Biot-Savart 

w. 


§ 53. Coefficient of mutual induction 


We have seen in (4) that the potential energy of a small 
coil of area dS carrying constant current i in a magnetic 
field H is —i H.dS. If we have a large coil we can replace 
it by a series of small ones, as in § 48, and the potential energy 
is therefore 


—i | mas. ee ΟΝ 


An important case arises when the field H is itself created 
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by a current in some other coil. If we call the first current 
i, and the second ἔμ, this potential energy is 


ats | a aD 


Putting H, = curl A, as in (23), and then using Stokes’ 
theorem, we have 


[5..45.-- [ curt 4.48, = [aeas, 


in which the integration is along the contour of the current 

ἢ. Now by (27) A, = in| =, so that the mutual potential 

energy of two coils carrying invariable currents ¢, and 1, is 
—Myt4,,_ - : : . (32) 


where M,,, which is known as the coefficient of mutual 
induction of the two circuits, is given by Neumann's 
formula : 


Γ ds,.ds 
Mi. - | = ; ‘ . (33) 


r is the distance between the two vector elements ds,, ds, 
of the two coils and the integration is over the whole of s, 
and sy. Comparison of (31) and (32) shows that M,,* is 
the flux of H through circuit 1 when unit current flows in 
circuit 2: and the symmetry of (33) shows also that this is 
the same as the flux of H through circuit 2 when unit current 
flows in circuit 1, 1.6. My. = 41. 

If M,. is calculated it becomes possible to calculate the 
forces exerted on either coil by the other, assuming always 
that their currents are kept fixed. Examples of this will be 
found at the end of the chapter. 


* In the presence of magnetisable matter (Chapter VII) M and L 
are defined in terms of the flux of B rather than of H. (See § 58.) 
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§ 54. Coefficient of self-induction 


In Chapter XI we shall require a quantity closely related 
to. M,,. Thus, if we make the circuits 1 and 2 in § 53 coincide, 
we obtain a quantity M,,, generally written Z, and called the 
self-induction of the circuit. J represents the flux of H * 
through the circuit when current ὁ flows in it. The usual 
symbol for ἵν is a coiled line 


L 
Fic. 36a 


At first sight it would seem that we could calculate L by 
using Neumann’s formula (33) with ds, and ds, elements of 
the same circuit. But a simple calculation shows that this 
gives a logarithmic infinity, showing us that the formula has 
broken down. This is because we have regarded the current 
as flowing in an infinitely thin filament. To obtain a valid 
formula we have to take account of the shape of any section 
of the wire. The actual calculation of Z which, like M, 
is a purely geometrical property of the circuit, is somewhat 
involved, and we shall not discuss it further here. [See, 
however, § 116, questions 16-18.] 

If there is more than one circuit, the principle of super- 
position tells us that the flux of H through any one coil is 
the sum of contributions from each of the currents separately. 
Thus for the case of two circuits with currents i, and ig, 
by combining the results of this and the previous paragraph, 
we see that the flux through circuit 1 is D,i,+M@,.t,; and 
similarly the flux through circuit 2 is Dot,+Mjo1,. 


§ 55. Examples 

1, Obtain the field in a solenoid by differentiation of the 
potential (14). 

2. Obtain the formula (12) for the field at points on the 


* In the presence of magnetisable matter (Chapter VII) M and ἢ 
are defined in terms of the flux of B rather than of H. (See § 58.) 
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axis of a circular loop by direct application of the Biot-Savart 
law (28). 

3. Two equal circular coils of radius a are placed opposite 
one another, a distance 2b apart. They carry the same current in 
the same direction. Show that at the point midway between 
the two centres the first three differential coefficients of the 
field are zero if 2, =a. Such an arrangement which gives an 
approximately uniform field is known as a Helmholtz Coil. 

4, An infinite straight wire whose cross-section is a circle of 
radius a carries a uniform current i. Use equations (17) and (21) 
to show that the magnetic field is given by : 


r>a, H, = 0, Ηρ = 2i/r, H, =9, 
r<a, H, =0, Hg = 2irja®, H, = 0. 


Notice that this amplifies the formule in (20) where we supposed 
that the wire was infinitely thin. 

5. Starting from equation (26) prove, after the manner of 
(28), that with a current vector j each element of volume dv 
contributes to the magnetic field an amount 


ΧΡ 
fet dv. 


6. Show that the magnetic field at the centre of a square coil 
of side 2a carrying a current i is (4i4/2)/a. 

7. A current i flows in an infinite thin wire coincident with 
the z axis. The return flow takes place along a parallel wire 
through the point (R, 0, 0) where # is very large. Show that 
the magnetostatic potential at a point whose cylindrical co- 
ordinates are (r, 0, z) is Ὁ = 2i(7—6). Deduce that the magnetic 
field is (ef. (20)) 


H, = 0, Hp = 2/r, H, = 0. 


8. Show that the formula (27) gives an infinite value for the 
vector potential of an infinite straight current. But if we 
suppose that the current returns along a parallel wire, then at 
ὃ point P the vector potential has magnitude 2: log (b/a), where 
a and ὃ are the shortest distances from P to the two wires. This 
is known as a bifilar current. 

9. Obtain the value of the magnetic field for a current 7 in 
an infinite straight wire (δ 51) by using the Biot-Savart law (29). 


108 | ELECTRICITY 


10. In the case of an infinite straight wire carrying a current 
i, equation (27) for the vector potential breaks down since A 
does not tend to zero at infinity. But verify that a correct form 
for A in such a case is A = (—2i log r) a where a is a unit vector 
in the direction of the current and r is the perpendicular distance 
from the wire. 

11. A current 7 flows in a circular wire r = a, z = 0 in cylin- 
drical co-ordinates. Show that the vector potential at any point 
(r, 0, 2) is given by 

- cos 6 dé 
A, =A, =0 ᾿ Ἄ,πϑὸ ΣΈ - τα τος τῇ 


If the loop is small show that this is approximately wia*r/(r* +2%)8, 
Verify that this is the same as the result in question 12. 

12. Verify that the vector potential at P due to a small 
magnetic dipole is A = —m Xgradp Β = — where r is 
measured from the dipole to P. 

13. Verify that the vector potential of a constant field H 
in the z direction may be written 

A,=0, A,=-—aHz, A, -- (1 --αὶ Hy, 


where a is an arbitrary constant. 
Similarly verify that for a constant field H parallel to the 
@ axis in spherical polar co-ordinates, we can write 
A,=0,Ag=0, Ag = Hr sin 6. 
Prove that in cylindrical co-ordinates, if H is parallel to the 
Ζ axis, 


A,=0, 4, =0, Ag = }Hr. 


14, A coil of wire of m turns is closely wound on a circular 
ring of any form of cross-section, and a second coil of n turns is 
intertwined with the first. Show that the coefficients of mutual 
and self-induction are 


My, =2mn[S, i = om [5 D, = ant [55 
p p p 


where p is the distance of any point in the cross-section from the 
axis of the ring. Deduce that L,L, = Δ, (ἢ, an important relation 
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in the theory of transformers (see § 96). In practice, on account of 
leakage, M,,2<L,L,, and the ratio M,,/+/(Z,Z,) is called the 
Coupling Factor. 

15. Two equal circular loops of radius a lie opposite each 
other, a distance c apart. Show that the coefficient of mutual 
induction is 

Μ τ ἃ ὅπ cos ᾧ ἀψ 
sa J, (c? +-2a*—2a* cos ¥)¥ 


If c is very large, show that M,, = 2n*a‘/c*. Deduce that if 
unit currents flow in the same direction round the coils, they 
attract each other with a force 6r*a*/ct. (See also Chapter IX, 
question 19.) 

16. Show that if we may assume that each moving charge in 
equations (27), (28) contributes independently of all other charges, 
then a charge 6 moving in free space with velocity v creates a 
vector potential A and a magnetic field ἘΠ given by 


ἂν vxr 
SS — = ἃ Γ 
A - , 3 


Deduce that if E is the electrostatic field due to the charge, 
H =vxXE. (These formule are only true if the velocity v is 
much less than the velocity of light.) 


CHAPTER Vit 
STEADY CURRENTS IN MAGNETIC MATERIAL 


§ 56. Magnetic media 


In Chapter I we described Faraday’s suggestion that each 
atom contained within itself tiny electric currents—a 
hypothesis which has been amply confirmed by modern 
atomic theory. It follows that in the presence of a magnetic 
field H these atoms will experience couples tending to orient 
them in the direction of H, the only exceptions being atoms 
in which the several minute currents cancel each other. This 
is Weber’s hypothesis to explain how a medium may become 
magnetised by an imposed field. Asa result of this orientation 
there is an effective magnetic moment in the direction of H. 
Exactly the same situation occurred in Chapter [V, where 
we saw that an electrostatic field created an effective electric 
dipole moment in the medium. We described that situation 
in terms of a polarisation vector P. The corresponding vector 
in the magnetic case is called the intensity of magnetisa- 
tion I. Its definition is that each element of volume dv 
behaves as if it were a magnetic dipole or small magnet of 
moment I dv. The fact that we introduce I in a precisely 
similar manner to P will enable us to apply a great deal of 
our previous analysis to the present problem of steady 
currents in magnetic materials. 

The intensity of magnetisation I is a vector quantity, 
which except in certain crystalline materials will be in the 
same direction as H. In fact, apart from certain ferro- 
magnetic substances (e.g. iron, Heusler alloys, etc.), I is 
proportional to H so that we may usually write 


i= «H, . ° 7 * (1) 
110 
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where « is the magnetic susceptibility of the material. There 
is one difference between this equation and the corresponding 
electrostatic equation P =kE. The susceptibility may be 
either negative or positive. If «<0 we describe the material 
as diamagnetic; if x>0, we say that it is paramagnetic. 
Typical values of « are (using ¢.g.s.e.m.u.) « = —3x10-* 
for a diamagnetic medium such as gold: « = 30x10-° 
for a paramagnetic medium such as platinum. This latter 
value is at room temperature: Curie’s law states that for 
paramagnetic materials « is proportional to 17’, where T’ is 
the absolute temperature. If the field is not too big certain 
soft irons obey the law (1) with « somewhere between 50 and 
1000, but as H increases « becomes much smaller in such a 
way that I increases to an asymptotic value called the 
saturation magnetisation. | 

In what follows we shall not require to know just why 
« is positive or negative : this indeed is the realm of quantum 
theory. It will be sufficient to apply (1) treating « as 4 
known constant. 


§ 57. Magnetic induction 


The magnetisation I will give rise to a magnetostatic 
potential which we can calculate just as we calculated the 
potential due to a polarisation P in ὃ 25 οὗ Chapter IV. For 


the potential due to a magnetic dipole m is m.grad : . So, 
putting m = I dv and integrating over any volume v, we 
see that the potential due to I is | I.grad : dv. This may be 
transformed, just as in ὃ 25 by the use of Green’s theorem, 


and becomes “ 
[Ξ5--[Ξ ὁ : . (ἢ 
r r 


The interpretation of this is that the effect of the magnetisa- 
tion I in a certain volume v is precisely the same as if we 
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had a volume source of magnetic poles —div I and a boundary 
layer J,,. These are sometimes known as Poisson's imaginary 
magnetic matter, and are evidently strictly parallel to the 
“apparent charges” introduced in § 25. The flux theorem 
for H (§ 50, equation 17) now becomes 


div H = 47x volume density of magnetic poles = —4z div I. 


Let us introduce a vector B, called the magnetic induction, 
defined by the relation 
B = H+4I Γ * . . (3) 


Then the flux theorem is 
divB=0 ., ; “ . (4) 


The reader will notice how closely the magnetic induction 
vector B = H+4zI corresponds with Maxwell’s displacement 
vector D=E-+47P (ὃ 26). The chief difference is that 
since there are no isolated true magnetic poles div B is always 
zero, whereas div D = 4zp. 

This last fact means that there are no sources of B, so 
that the lines and tubes of B do not end. We have already 
seen (Chapter VI) that in free space this is true for H. Now 
we notice that in free space x = 0, so that I= 0 and B = H. 
Thus the results of Chapter VI are included as special cases 
of the two equations (3) and (4). 

In homogeneous isotropic materials where I = «H, it 
follows from (3) that 

Ἐὶ τὸ ΜῈ, . κ ; . (5) 


μ - 1+4k : - " . (6) 


where 


This quantity » is called the magnetic permeability. In 
free space μ = 1; in diamagnetic materials »<1; in para- 
magnetic materials »>1; in ferromagnetics p is very large. 
Before we can solve problems we must discuss the 
continuity conditions satisfied by B and H at the boundary 
between two media in which the permeability is different 
(Fig. 37). The parallelism between the magnetic and electric 
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cases enables us to argue just as in (ix) of § 26, with the 
conclusion | 
By, = By Ay = H,, . ι 5. (7) 


Fie. 37 


If, however, there is a surface current flowing along the 
boundary the last equation requires alteration. This does 
not often occur and so we shall not discuss it here (see ἃ 65, 
question 2). 


§ 58. Equations of the magnetic field 
We are now able to write down all the necessary equations 
of the magnetic field. Thus: 
(i) dvB=0 . . . . (4) 
(ii) B = H-+4I, * ΓῚ ΓῚ Pt (3) 
or, in most cases 
B= pH . * . . (5) 
(iii) If the current vector is j, then just as in (22) of § 52, 
curl H = 4π]. : ' . (8) 


On account of the induced magnetisation I this latter 
equation requires some justification. We start with the 
relation (9) of § 48, viz., that since H = —grad 42, therefore 


for any closed curve 8, | H.ds = —[Q]. However, 2 is 


itself the sum of two parts. Let us write 2 = 2,+2,, 

where 2, arises from a series of currents ὁ flowing in closed 

filaments, and Q, arises from the induced magnetisation I. 

According to (7) of ὃ 48, at any point P, 2, = Σἴωρ, where 
H 
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wp is the solid angle subtended at P by the circuit carrying 
current 7. Thus [2,] = —4721, where ΣῊ is the total current 
which threads the curve s. So far our argument is the same 
as in Chapter VI. But 2, is the sum of contributions = 
from each element of magnetic material. This quantity is a 
single-valued function of position, so that [Q,)=0. This 
result may be interpreted in terms of magnetic poles by saying 
that no work is done in carrying a unit pole round a closed 
curve in the presence of a series of constant magnets. Com- 
bining the two parts of 2, 


[5.4 = —[2,+2,] = ἀπ χ total current threading 8. 


From here it follows exactly as in § 52 that in the presence 
of a volume current j, 
curl H = 47nj. 
(iv) At places where there is no current we can express 
H in terms of a magnetostatic potential, 
H ΞΞ —grad Q, 3 . Γ᾿ (9) 
so that 
If » is constant, as usually happens, 
YO=e0 . «. +. - fh) 
(v) At places where there is a current, no magnetostatic 
potential exists, and as in § 52 we introduce a magnetic vector 
potential A. In fact, since div B = 0 at all points whether 
or not there is a current flowing there, we must now write 
B=curlA, . , ‘ . (12) 
with the condition, similar to (24) of § 52 
divA=0 . ᾿ : . (13) 
Taking the curl of (12), and using (5) and (8), we have 


cur! (~ curl ΑἹ = curl Ht = ἀπῇ. . ; . (14) 
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If » is constant this becomes 
curl curl A = ἀπμὶ. 
But curl curl=grad div -- 3, and div A =0, so that the 


equation for A is 
VA = —4irpj Γ᾿ Γ᾽ * - (15) 


In free space μ = 1, so that this reduces at once to (25) of 
§ 52. Provided that A tends to zero at infinity and there 
are no current sheets its solution is 


A= pL [Ξ ΓῚ Γ 8 * (16) 
If the field is due to a current i in a thin wire we may replace 
jdv by i ds, where ds is an element of length of the wire, 
in which case 


a=pi |S. . , ΓῚ . (17) 
Since B = curl A it follows, just as in § 52, that 
. { dsxr 
B= pi | ew 8) 


This means that the Biot-Savart law (28) of § 52 still holds : 
n=i/SS Ne se 


ΓΕ 


As a consequence of (19) all the results proved in Chapter VI 
for the magnetic field due to a straight wire, or a loop, or a 
solenoid, are unaffected by the presence of a uniform medium. 
We do not need to repeat the calculations, 

(vi) At a sudden change of medium 


B,, and H, are continuous. . . . (7) 
We ought also to discuss the boundary conditions for A at a 


change of medium. These are rather more involved than the 
earlier type of boundary condition, and we shall be content 
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therefore to quote the answer. Calling the media 1 and 2 
as in Fig. 37, and supposing that the intensity of magnetisation 
is I, and I, in the two media, these are 
A, = A, . * . * . (20) 

a _ - 21 

τ τ τι = ἀπία,--τρ χα], . - (21) 
where n is a unit vector directed along the normal from 
1 to 2. It is possible to verify the sufficiency of these con- 
ditions by deducing from them the known conditions (7). 


§ 59. Cavities 


The boundary conditions (7) allow us to discuss the field 
inside a small cavity scooped out of the magnetic medium. 
Consideration of this problem is important because of the 
indefiniteness which attaches to our definition and measure- 
ment of B and H at points inside a medium. Our best 
plan is to suppose part of the medium around some point P 


Fic. 384 Fie. 380 


to be removed and then to determine B and H at P, inside 
the cavity. The argument is very similar to that already 
used in §34. In fact, since the boundary conditions for B 
and H are exactly similar to those for D and E, the analysis 
of ὃ 31 can be applied to this problem just as it stands. 
Thus, with a disc-shaped cavity, as in Fig. 38a, which may 
be compared with Fig. 26a, the magnetic field at P inside 
the hollow is the same as the induction B outside, and with 
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a needle-shaped cavity pointing in the direction of H, as 
in Fig. 388, which compares with Fig. 268, the magnetic field 
at P inside the cavity is the same as the field H outside. 

We shall be concerned shortly with a rather more com- 
plicated case—a disc-shaped cavity at an oblique angle to B 
(Fig. 880). Let us define the field at a point Q just outside 
the cavity in terms of the normal component B, and the 
tangential component H,. We choose these because they 
are the only components that do not change abruptly on 
crossing from Q to P. So at P, inside the cavity, the magnetic 
field H is compounded of B,, normal to the plane of the disc, 
and #H, along the plane. 


§ 60. Potential energy of a small coil 


Let us suppose that a small coil of area dS carrying a 
current ὦ is imbedded in magnetic material at a point where 
there is a field defined by the vectors B and H. In order to 
place it there and then calculate its potential energy, we 
imagine the material of the medium to be removed from a 
small volume just surrounding the coil. This cavity will 
be of the dise-shaped type shown in Fig. 380. Now accord- 
ing to (4) of § 46 the potential energy of the coil is given 
by —iH.dS, where H is the field inside the cavity. But we 
have just seen that inside the cavity the field is a combination 
of H, and B,; H, is perpendicular to dS and B,, is parallel 
to dS. So the required potential energy is —iB,dS, or in 
vector form, simply : 


potential energy of coil=-—iB.dS . . (22) 


We may write this as —: times the flux of B through the coil. 

In free space, where B = H, we do not need to distinguish 

between the flux of B and of H. But (22) shows that in 

magnetic media it is B rather than H which gives the potential 

energy. For this reason some writers * define B in terms of 

the torque experienced by a small coil in a magnetic medium, 
* E.g. Smyth, Static and Dynamic Electricity, 1939. 
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We have preferred to introduce B by the same type of 
reasoning that led to D in the electrostatic case, because this 
preserves the parallelism between the two types of field 
and is more directly related to known properties of the 
atom; further, the measurement of torque on a coil inside 
a solid body such as iron does present certain preliminary 
difficulties. 

We can derive an alternative form for the energy (22) 
by putting B = curl A. By Stokes’ theorem we can then write 


—iB.dS = --ἰ curl A.dS = -i| A.ds, . (23) 


where the integral is taken round the contour of the small 
loop. fa. ds is sometimes called the circulation of A 
round the loop. Since a larger loop may be regarded (§ 48) 
as the superposition of a series of smaller ones all carrying 
the same current, (23) shows that the potential energy of a 
larger coil carrying an invariable current + in the presence of 
an external field defined by its vector potential A is also 
—i[A.ds, but now the integration is round the contour of 
the large coil. It is important to remember, for this purpose, 
that it is only that part of A which arises from the external 
field, and not that from the coil itself, which determines the 
mutual potential energy. The formula corresponding to (23) 
for the case of a volume distribution of current is found by 
replacing ὁ ds by j dv, and it is 


potential energy of current system = — | A.jdv . (24) 
A particularly important form of (23) occurs when the 
field represented by A is itself due to a current in some other 


coil. Calling the first current i, and this second current ἐμ» 
the mutual potential energy is 
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. [88 
ἄς aml μέρ γ 
so that the mutual potential energy is 
ds,.ds, 
—ptyto Ϊ aa ial 


Just as in (32) of § 53 we may write this in the form 
mutual potential energy = —D jot)%., 
ds,.ds 
where Mis = μ[ 5 = 


Thus M,, is » times as big as when the medium is not 
magnetisable. If we compare Neumann’s formula (25) with 
equation (33) of § 53, we see that the coefficient of mutual 
induction between two circuits is really equal to the flux of 
B through circuit 1 when unit current flows in circuit 2. 
Of course, when » = 1, B and H are the same, so that it 
does not matter whether we speak of the flux of B or of H; 
but when μ τέ 1, (25) shows that the flux of B is the important 
quantity which determines the forces exerted by one circuit 
on another. 

In the same way, the coefficient of self-induction LZ of a 
single circuit (see § 54) is equal to the flux of B through the 
circuit when unit current is flowing in it. 


But from (17) : 


. (25) 


§ 61. Force on current in a magnetic field 


If we replace a large circuit carrying a current by a series 
of smaller ones, as in § 48, Fig. 33, we see at once from (22) 
that the potential energy W of an invariable current + in an 
external magnetic field is 


Ww = —i [8.48 = -ἰν,. ον (28) 


where N * is the total flux of B through the circuit. This 


* In recent years the flux of B is often called ¢. But as we require 
ᾧ for potential purposes, we shall retain the older symbol N. 
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formula is fundamental for our later study of fluctuating 
currents. It also enables us to calculate the force on our 
coil. For suppose (Fig. 39) that the coil is moved in such a 
way that an element AB represented by 
ds is displaced a distance t to CD, the 
current remaining unaltered. Then, from 
(26) 3W = —+# times the increase in flux of 
B. We can consider this increase as the 
sum of the increases in N due to the 
Fie 39. displacement of all the elements ds of 
| the original circuit taken separately. But 
when AB moves to CD the increase in flux of B is equal to 
the flux through ACDB, which is B.dS, where 6S is the area 
ACDB. In order to keep the proper direction for the normul 
to the surface we must describe the area in the order ACDB. 
Thus 6S =txXds. Summing for all the elements ds we 
obtain 


SW = increase in potential energy = τὸ | B.(tx as) 


We may re-arrange the triple scalar product * to give 
SW = --ἰ | t.(asxB) ; : . (27) 


Now let us suppose that all elements ds receive the same 

displacement t, which may therefore be taken outside the 

integral in (27). Then, if the total force on the circuit is F, 
SW = -t.F. 

Thus, from (27) 


F =i | asxB - ΓῚ ΓῚ = (28) 
This shows that the total force on the circuit is the same as 


if each element ds experienced a force i dsxB, which is 
perpendicular both to ds and toB. (28) isknown as Ampére’s 


* Rutherford, Vector Methods, 1946, p. 8. 
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law, and provides the basis of all electric motors in which 
we use this force to turn the central rotor shaft. If @ is the 
angle between ds and B, Ampére’s law is sometimes expressed 
in the form that the total force is equivalent to a force 
iB sin θ᾽ per unit length of wire. 

As an example consider the case of two infinite parallel 
currents ἢ, and i, a distance a apart in a medium p. We 
have seen in § 51 and § 58 (v) that the field H due to the 
current ὦ is 

2. 
H, = 9, Hy = — A, = 0), 
Thus at all points of the second wire B has the value 2pt,/a 
perpendicular to the plane of the two wires. Hence, using 
Ampére’s law with 9 = 7/2, the force on the second wire 
is 2ui,i,/a per unit length: consideration of its direction 
shows that this is an attraction if the two currents flow in 
parallel directions, and a repulsion if in opposite directions. 

We have proved (28) for the case of a current flowing 
in a thin filament. But if we replace ¢ ds by j dv, it 
will immediately apply to the case of a volume distribution 
of current specified by the current vector j. The mechanical 
force on such a distribution is therefore 


This is equivalent to a force jx B per unit volume. 


§ 62. Force on a moving charge 

Equation (28) shows that the total force on a wire carrying 
a current i is ὁ Ϊ dsxB. This does not prove that the force 
on each element ds separately is i ds x B, since there might 
be other terms which cancelled on summation. As a matter 
of fact the force on a tiny element ds cannot be measured 
experimentally. But if we assume that it is indeed 1 ds xB, 
we can deduce an expression for the force on a single moving 
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charge; this is capable of direct experimental verification, 
and in this way we may justify the splitting up of the total 
force on a circuit into separate forces on each element ds. 
We shall find it best to use (29) rather than (28), so that 
we assume that the force on unit volume of current really 
is jxB. If we put j = Nev,* as in (1) of ὃ 33, we see that 
the force on a single charge e moving with velocity v must be 


. (30) 


This last formula supposes that e, v, j, B are measured in 
e.m.u. If, as is usual, e is in e.s.u. and the rest in e.m.u., 
the formul# would have been 


force on circuit = F = : ds ΧΒ, 


force on charge = αν ΧΒ 


. (31) 


force on charge = : νΧΒ. , (32) 
A moving charge therefore experiences a force proportional 
to its velocity and perpendicular to v and B. This formula 
has been completely verified experimentally in the deflection 
of electrons in a cathode ray tube, and of heavier charges 
in a mass spectrograph. It would, in fact, have been possible 
to start with (32) as an experimental result and from it to 
build up our earlier theory, though in reverse order. 


§ 63. Faraday’s disc 


An interesting application of (30), which can also be 
regarded as a further test of its validity, is found in Faraday’s 
dise (Fig. 40). This is a thin conducting disc which rotates 
in free space with angular velocity p about its axle. There is 
a uniform magnetic field H perpendicular to the plane of the 
disc. A and # are electrical connections to the axle and rim 
of the disc respectively. On joining A and B by a wire it 
is found that a current flows, indicating that A and B are 


ἘΝ is here the number of charges per unit volume, and must not 
sed with the flux N in (26) and (33), 
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at different potentials, The explanation is obtained by 
considering an electron of charge e at a point P between 
A and B. If OP =r, the velocity of 
the electron is rp in a direction per- 
pendicular both to the field and to the 
line OP. The force on this electron is 
therefore --erpH in the direction from 
A to B, the question of sign being 
determined by whether the field is 
into or out of the plane of the disc. 
Thus the work done in taking a charge 
e from A to B is 


Fie. 40 


+ [ erpH dr = + ; epH (b?—a"*), 


where a and ὃ are the radii of the axle and disc respectively, 
The potential difference V between A and B is therefore 


V = ἘΣ»Η("- αἢ = WW, » + + (83) 


where n is the number of revolutions per second and N is 
the total flux of H across the disc. It is this potential difference 
that gives rise to the observed current when A and B are 
connected by a wire. There is, of course, an equal and 
opposite force on the positively charged nuclei of the disc. 
But unlike the conduction electrons, these are not free to 
move and the effect of the force on them is merely a small 
elastic deformation of the wheel. 

This apparatus was used by Lorenz in 1873 to measure 
the absolute resistance of a wire in e.m.u. 


§ 64. Magnetic energy 


The close parallel between formule of electrostatics and 
magnetism suggests strongly that corresponding to the 
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electrostatic energy {= dy there must be a magnetostatio 


energy 


[Fae ‘ . . . (34) 


This is indeed the case. We shall not prove the formula here, 
as we shall return to the matter again in Chapter XIII when 
we link together the electric and magnetic energies. However, 
if we were to allow ourselves to introduce magnetic poles, 
then the proof of (34) would be precisely the same as in the 
electrostatic case (§ 28), except that instead of charges we 
write poles, and instead of electric field and displacement we 
write magnetic field and induction. 

Equation (34) shows us that we may regard the energy 


as distributed throughout all space with density =. Just 


as in the electrostatic case we could regard this energy as being 
due to some sort of stress in the ether, and we can show, 
similarly to § 30, that a satisfactory stress system is obtained 
if we suppose that each tube of B exerts a longitudinal tension 
ἘΞ per unit area of cross-section, and a transverse repulsion 
on adjoining tubes of the same magnitude per unit area of 
contact. In this way, once again, we are able to dispense 
with the idea of action-at-a-distance. 

There is an important application of (34) in calculating the 
magnetic energy stored in the medium when a current é 
flows in a closed coil. As in the electrostatic parallel, we may, 
if we like, regard this energy as stored up as a result of some 
form of elastic strain of the ether; but it is wisest not to 
ask for too particular a model of what is happening, and we 
shall be content simply to refer to the energy in the medium. 
It is, however, essential to recognise that the energy is in the 
medium and not in the magnetic shell; as we have already 
stressed in Chapter VI, the shell is primarily a mathematical 
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device, having no kind of real objective existence. Its value 
is that it allows us to describe the magnetic field H in an 
extremely compact manner. Thus, when calculating the 
energy by integrating (34) over all space, we must leave out 
that little bit of space occupied by the shell itself, in which 
indeed on account of the hypothetical layers of North and 
South poles on the two faces of the shell there are dis- 
continuities in the field. 

We show in Fig. 41 a section of the system by a plane 
which cuts the coil in z, 2’, and which 
intersects the magnetic shell in the 
lightly-shaded area. Since the shell 
spans the coil, its section in Fig. 41 
must be bounded by # and 2’. 

Consider a tube of induction ΩΝ 
which leaves the shell at P, but which 
does not necessarily lie entirely in the 
plane of zz’. If N is the total flux of 
B across the coil, we may write dV 
for the flux in this tube. The con- 


tribution to = B.H dv from the volume inside this tube 


may be found by writing H = —grad 22, and dv = ds.dS, 
where ds is an element of length along the tube, and dS is 
an element of cross-sectional area. Since the strength of the 
tube is constant, B.dS =dN. Thus the contribution to the 


energy is 


τῷ [ἀπ 2.48 aw 

dN Γ δώ 
Sa 

aN 


where [£2] is the increase in Ὁ on going from P to R. Now in (8) 
of Chapter VI we showed that [Q] = —4zi, so the energy in 
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the tube PQR is }idN. By addition over all such tubes we 
see that the total magnetic energy in the medium is 

ἘΝ. : : ‘ . (35) 


It is possible to deduce (35) without considering each tube 
separately, as the following analysis shows. We have to 


ὀρ = | B.H dv through all space outside the shell itself, 


as in Fig. 41. Let us put H = —grad 2, and use the fact 
that since div B = 0, therefore 


div 2B = 2 div B+B.grad 2 = B.grad Q. 
It follows that the magnetic energy is 
1 
— 5 | B-grad ον 
~-; [ἀν Ων 
= - ἰῷ [98..5, . " ° . (96) 
Sir | 


where the surface integral is taken outward across the sphere 
at infinity, and into the shell along the faces at all points 
such as P and ἢ. A consideration of orders of magnitude 
shows that at infinity the surface integral vanishes. If we call 
the two sides of the shell 1 and 2, and let dS be directed from 
2 to 1, (86) reduces to 


= [{ce=).-1m),} as. 


Now the change in {2 between 1 and 2 is ἐπὶ, and B is un. 
changed. So the integral is just 


εἰ [8.65 -- εἰν, 


as in (35), where Ν᾽ is the total flux of B across the coil. 
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It is not difficult to extend this latter argument to the 
case of several distinct circuits carrying currents ¢,, t,.. . 
In fact, if the values of the flux across the circuits are Ni, 
N, .. . the total energy is 


ΣΕ ἐπ 3, oe τῇ 


Two particular cases of (37) are important. The first is 
when there is just one coil, and the flux of B across it 18 solely 
due to the current 7 in the coil. Then (§ 54), Ν᾽ = Li, where LZ 
is the coefficient of self-induction, so that 


energy of a single coil = }l#* . (38) 


The second particular case is that of two circuits carrying 
currents i, and iz. If L, and L, are the coefficients of self- 
induction, and M,, is the mutual induction, we have shown in 
§ 54 that 

N, = Lyi, + Miers, 
Ng = Doig ἘΜ «ἢ. 


So the energy due to the two coils together is 
HN is +N gig} = HL: +2M yotitg t+ Lote}. -- (89) 


Comparison of (38) and (39) shows that this total energy is the 
result of terms for each coil separately and a term M ratite 
representing the extra energy due to the mutual interaction 
of the two currents. 

The student will probably wonder why we appear to have 
two distinct formule for the mutual energy of two . coils. 
According to (39) this energy is - Ὁ} οὐ γὺς ; but according to 
ὃ 54, equation (32), it is —M,,ii,. The explanation of the 
apparent discrepancy is that the two formulz represent quite 
different conditions. In deducing (39) we answered the 
question: ‘“ When the currents are ἔῃ and ig, how much 
magnetic energy is stored in the medium ? i But in the 
earlier equation we answered a different question : If the 
currents #, and i, are kept invariable, what potential function 
may be used to describe the forces exerted by one coil on the 
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other ?”’ Now when one coil is moved relative to the other, 
keeping the currents constant, the energy in the medium 
changes on account of the alteration in M,,: this is what is 
being calculated in (39). But, as we shall see in Chapter XI, 
electrical work has to be done in order to keep the currents 
constant during the movement of the one coil. It is this 
extra work which is responsible for the difference between 
the two calculations, and may actually be determined from 
this difference. Indeed, the situation envisaged in the 
invariable-current formula is rather artificial and practically 
never occurs. But the situation represented by (38) and (39) 
is of the greatest importance; when we consider varying 
currents more fully in Chapters XI and XII we shall find 
that these two equations are able to provide a simple under- 
standing of the fundamental problem of electromagnetic 
induction. 


§ 65. Examples 


1, Show that lines of B are refracted at a change of medium, 
and that if the angles made with the normal are @, and @,, then 


μι cot 6, = μὰ cot 0,. 


2. A current ὁ per unit width flows along the boundary 
between two media of permeabilities μι and p,. Show that the 
boundary conditions are the same as (7) except that the tangential 
components of H in a direction perpendicular to the current 
satisfy the condition 

H,, — H,, = 4πὶ. 


3. A torus, or anchor ring, is obtained by rotating a circle 
about an axis in its own plane distant f from the centre. The 
volume so formed is filled with soft iron of permeability p. A 
total of N turns of wire are wound closely and evenly round the 
ring, and the wire carries a current i. Show that at points inside 
the ring the magnetic induction is 2Npi/r, where r is the distance 
from the axis of rotation. A small air-gap is now made in the 
iron by cutting away a thin sector bounded by two planes 
through the central axis which make a small angle a with each 
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other. Show that the total induction in the air-gap is thus 
let. aes 
reduced by a factor (1 +(u—D=) . This is one way of creating 
a, strong magnetic field by means of a current, if a is kept small. 
4, A coil of wire with m turns is closely wound on a circular 
ring of any form of cross-section with an iron core. A second 
coil of n turns is intertwined with the first. Show that the 
ag .. 
coefficient of mutual induction is M,, = 2umn !-- where p 
is the distance of any point in the cross-section from the 
axis of the ring. If the cross-section is a circle of radius 
a, whose centre is R from the axis of the ring, deduce that 
My, = 4apmn(R—+/(R?—a*)). : [ 
5. Show that the mutual induction between a circle of radius 
a and an infinite straight line in the same plane is 


+4 y (ata 
4 a 


where f is the shortest distance from the centre of the 
circle to the straight line. Show that integration gives 


M,, = 4n{f—+/(f?—@*)}. - - 
6. Prove that the force on a magnetic particle of moment 
M in an inhomogeneous field is (M.grad)B. (Compare 


Chapter ITI, question 13.) 
7. Use the result of the last question to show that the force 


F ona coil carrying a current 7 is F =i | (a8.grad)B. Show that 
if t is an arbitrary constant vector this may be written 


Ε. = if aS grad (B.t). 


Next prove that grad (B.t) = curl (B x t), and hence show that, 
if » is constant, 
= if ds x B. 


This is another proof of Ampére’s law (28). 
8. A current i flows in a circular loop of radius a and a current 
I 
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i’ in an infinitely long straight wire in the same plane. Show 
that the force between the two currents is 


anit’ {πεῖς - 1}, 


where f is the shortest distance from the centre of the circle 
to the wire. 

9. Calculate the force on a current ¢ in a coil by the following 
method. Let AB be a very small element of a coil ABCA which 
is displaced a distance ὁ to A’B’C’A’, Then using the formula 


(23) for the Potential Energy, viz. W = —i | A.as, show that 


sw =i A.ds round the contour BOAA’O’B’B. Transform 


this by Stokes’ theorem and hence deduce Ampére’s law (28). 

10. Currents ¢ and ¢’ flow in two circular loops of area § and 
S’ which are parallel and coaxial a distance ὁ apart. If the one 
loop is small, show that the attraction between the loops is 
θὲ SS’c/R5, where Κα is the distance from the centre of the small 
loop to the circumference of the larger loop. 

11, Use equations (18) and (19) to show that very close to a 
wire carrying a current i the lines of B and Η are circular and 
deduce that at small distances r from the wire H = 2i/r. Use 
this result to show that two similar loops of wire carrying currents 
in the same direction, placed nearly in coincidence, attract one 
another. Notice that this is the reverse of the electrical case 
where like charges repel; it indicates a fundamental difference 
between the energy of the fields due to charges and currents. 

12, Show that the force exerted on a wire carrying a current 
ὦ, due to a current ἧς in a second wire, may be expressed in the 


form 
ψι ds, x(ds,xr 
iis | { 1 ( 2 ) 


where ds, and ds, are vector elements of the two wires and r 
is the vector from ds, to ds,. Apply this formula to calculate 
the force between two parallel wires. 

13. Show that the formula of the last equation may be written 


ἘΤῚ [ [ (4s,.ds,) grad : page Ϊ Ϊ (ds,.grad -) ds,. 
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Verify by integrating first with respect to s, that the second 
term is zero, so that the force is 


piss Ϊ | (ds, .ds,) grad = 


This means that each pair of elements ds, and ds, at an angle 6 
may be regarded as contributing a force pt,t, cos 0 ds,ds,/r°. 

14. An electron of mass m and charge e is projected in any 
direction into a uniform magnetic field #7. If the field H is taken 
to be parallel to the z axis, show that the equations of motion 
of the electron are m# = eHy, mij = —eHz, mz = 0. Deduce 
that in general the path of the electron is a helix described at 
constant speed. 

15. An electron of mass m and charge e is projected with 
velocity v in a direction perpendicular to a uniform magnetic 
field H. Show that it describes a circle of radius p, where 
Hp = mvje. This is an important result in studies of atomic 
disintegration by the Wilson Cloud Chamber photographs. 

16. Show that the magnetic fields inside the three cavities 
of § 59 may be calculated by introducing Poisson’s Imaginary 
Magnetic Matter (§ 57) at the boundaries of the cavities, to replace 
the magnetisation 1. 

17. Show that the boundary conditions (20) and (21) for A 
lead to the more familiar conditions (7) for B and H. 

18. An electron of charge 6 is moving in free space with 
constant velocity v. It may be regarded as a small conducting 
sphere of radius a. Use the value of the associated magnetic 
field H given in § 55, question (16), viz. H =e δ , to show that 
the total magnetic energy associated with it is e*v*/3a. Deduce 
that if the ὁ mass’ m of the electron is supposed to be entirely 
electromagnetic, then m = 2¢?/3a. If 6 = 1-60x10-* e.m.u., 
and m = 9-11 x 10-* gms., show that the radius of the electron 
is about 2 x 10-* ems. 


CHAPTER VIII 
PERMANENT MAGNETISM 


§ 66. Small magnets 

In some substances, such as iron, there is a magnetic moment, 
measured by its intensity of magnetisation, even when no 
current is flowing to induce magnetism. In such a case we 
say that the substance is a permanent magnet. In this 
chapter we shall discuss such magnets. We shall make the 
further assumption that they are ideally hard; that is, their 
magnetism cannot be affected by any applied magnetic field. 
This assumption, which is equivalent to saying that the 
magnetic susceptibility « is zero, is not completely correct, 
and it will prevent us from discussing certain phenomena 
such as magnetic hysteresis. But it will enable us to under- 
stand and to discuss quantitatively many of the properties 
of permanent magnets. 

The smallest unit of permanent magnetism must be the 
individual atoms in which tiny currents give rise to magnetic 
properties (§ 3). It is found, however, that in the substances 
which show permanent magnetism, a large number of such 
atoms are linked together with their tiny currents similarly 
oriented, so that the smallest effective magnetic unit consists 
of a block or domain of atoms * which behaves as a single 
particle. One explanation of this phenomenon is that under 
certain circumstances the fields of the individual atoms of a 
block combine together, thus strengthening or co-operating 
with one another in aligning them all in a certain direction. 
This is the hypothesis of the internal field, due to Weiss. 

* Perhaps 1000, but usually more than 10; yet even then the block 
is still small on a macroscopic scale, being about 10-" c.cm. in volume. 
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Within each block there is complete, or almost complete, 


spontaneous magnetisation. In the presence of a suitable 
external magnetic field the domain rotates as a whole, and not 
as a series of separate atoms, thus maintaining its saturation 
magnetism. 

We can describe such a particle by its magnetic moment 
τὰ. It is irrelevant whether we think of this as due to the 
individual atomic currents, or suppose that there are two 
magnetic poles at either end of the particle, giving rise to a 
magnetic dipole moment of magnitude m. We shall find 
both points of view useful, though the former is the more 
accurate. 

The effects of a single magnetic particle m are completely 
specified by the magnetostatic potential 2p at P, to which 
it gives rise. Just as in the case of an electric dipole (§ 18) 
we may write any of the following forms :— 


Fic, 42 
The corresponding magnetic field H is obtained from the 
usual law 
H = —grad 2 ᾿ ° (2) 


The component H, along the radius vector is 
δῶ _ 2mcos 8 


g ee ee 
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and the component Hg perpendicular to the radius vector is 
ig ἀδᾷ δ msin@ 


a ae a a 


There does not seem to be any obvious way of calculating 
the magnetic vector potential A, defined in this case by 


crlA=H, dvA=0.. .  . (8) 


Probably the most direct method is to replace the small 
magnet by an equivalent current ¢ in a small circular coil of 
radius a, where 7a*i = m. A may then be calculated by the 


standard formula A =i =e This has already been done 


in § 55, questions (11) and (12), with the result 
A= π᾿ , . . . (6) 


r being measured from the dipole to the point P 
Alternatively, with the notation of fig, 42 Ἢ ' 


3 
= grad div (=) 
r 
= curl curl (=), since V2 — = 0 
| r 


= curl (zraa οἱ xm) 
r 


mx r 
rs 


curl 


| mr ; 
So we may take A= = provided that this satisfies 


div A=0. This is soon verified, so 
; ed, that A is 
given by (6). The reader may find it easier to mae 
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this formula if it is compared with the corresponding formula 
for 2, Thus 
m.r mx Pr 


aS a Ss 


If an external magnetic field H acts on a magnetic particle 
m, it will exert a couple. This couple is the same as would 
be experienced by a small coil carrying the appropriate current, 
and this may be caloulated by using Ampére’s rules (§ 44). 
In fact, since forces on small coils are of the same type as 
forces on electrical dipoles, which were discussed in § 19, 
it follows that in a field H the couple on a small magnet m is: 

couple = mXH ‘ 3 . (Ὁ 
Similarly its potential energy in the field is: 
potential energy = —m.H : . (8) 
If B is not constant, there is also a force F on the magnet. 
Let us write w for the potential energy (8), so that 
r= —grad w= grad (m.H). 
If we expand * grad (m.H) it gives 

F = (m.grad)H-+(H.grad)m-+m Χ curl H+-Hx curl τὰ. 
Since m is constant the second and fourth terms are zero: 
and since no current flows at the magnet, curl H =0. So 

F = (m.grad)H ; , . (9) 

The mutual potential energy W between two small 
magnets m and m’ separated by a distance r has been found 
in (18) of § 49, though the formula there was obtained for 
electric dipoles. In fact, 

ν -- 5:8.) Meio) ay 
From this formula all the forces and couples exerted by either 
magnet on the other are easily found. 


* See Rutherford, Vector Methods, 1946, p. 69, or else work in xyz 
co-ordinates, taking m along the z axis. 
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§ 67. A worked example 


As an example of the use of these formule consider a small 
magnet m placed at P, a distance z (Fig. 43) along the axis 
of a loop of wire of radius a, carry- 
ing a current +. We have seen in 
mf (12) of § 49 that the magnetic field 
τ Ξ at P due to the current is 


H = 2Qria*}/(a®-+-2%)3 
Fre. 43 along the axis of the coil. The 


magnet will therefore experience a 
couple which, according to (7), is 
2ria*m 


ee sn a 
(a*+2%): 


tending to reduce a, the angle between m and the axis of the 
coil. Let us suppose that the centre of the magnet is fixed 
at P, but that the magnet is free to rotate about P. Then, 
if 1 is its moment of inertia, the equation of motion is 


————- ai @. 
(a®-+-22)i 
If a is small, this may be written 
a= —n%a, where n? = Qria*m/I(a?+22))- - (11) 


la = couple = — 


(11) shows that the oscillations are simple harmonic with 
period 27/n. Ifiis known a measurement of the period enables 
us to calculate m. 

Next suppose that the direction of m lies along the axis 
OP. There is then no couple on the magnet, but there is a 
force # which, using (9), we can write 


F=o=m— τῷ — 


—— ο » (12 
dz (a? +-2%)3 (12) 


along the axis of the coil. 
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§ 68. Large magnets 


A large permanent magnet is to be regarded as an 
agglomeration of small magnetic particles. We may describe 
it in terms of the intensity of magnetisation. We shall call 
this permanent magnetisation M in order to distinguish it 
from the induced magnetisation I which was introduced 
in § 56 to account for the magnetising effect of an external 
field. Thus each element of volume dv is equivalent to a 
magnetic dipole of moment Mdv. By writing the moment 
in this form we have effectively “ smoothed-out” the large 
local variations both in magnitude and direction that must 
actually occur among the individual magnetic units and in 
the interstices between them. This will not affect the forces 
exerted outside the magnet, but it does make our discussion 
of what happens inside a little unreal and arbitrary. This 
applies particularly to the question of internal energy, as we 
shall see later. 

We may therefore suppose that a permanent magnet is 
defined by its intensity of magnetisation M. This need not 
necessarily be constant either in magnitude or direction, but 
we have already decided to consider only cases where M is 
completely unaffected by any external magnetic field. Thus 
the essential difference between this chapter and the last is 
that we shall now suppose M to be a known function, 
independent of H, whereas in dealing with induced magnetism 
we supposed that I varied and was directly proportional to H. 
With this alteration most of the previous chapter can be 
adapted to the present case. 

Thus, there is still a magnetostatic potential. If we 
write M dv for m in (1) and integrate we see that 


- Ἔ 
2p = 7-gradg τὶ dvg . * , (13) 


M _! div M+M.grad and transforming by 
y Γ 
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the divergence theorem, we obtain 


. (14) 


It appears, as in ὃ 57, that when calculating 2 we may replace 
the magnetisation by Poisson’s imaginary magnetic matter : 
(14) shows that this is a volume distribution of magnetic poles 
equal to —div M and a surface distribution M,. The trans- 
formation from (13) to (14) is a great help; for if we try to 
evaluate (13) by direct integration when P is an internal point, 
there are difficulties of convergence which do not apply to 
(14).* We can, however, use (13) for outside points without 
any difficulty. 

Thus at points so far away from all the magnets that 1/r 
may be regarded as effectively the same for all the magnetic 
particles (13) gives 


l ] 
QQp = [π᾿ στοὰς ; dq ΞΞ -- [{Μὸ-ετιὰ,: dvg 
1 l 
where M = 


[ ™ dv is the total magnetic moment. ‘The 


system therefore behaves at large distances like a single 
magnetic particle of moment M. 

Reasoning exactly as in § 57 we are led to introduce the 
magnetic induction B, which satisfies the equations 


B = H-+4rM, . ὁ . (15) 
| div B = 0, : : . . (16) 
B,, and H, continuous at a change of medium . . (17) 


If the medium had not been ideally hard, but had a 


* This matter is quite involved, and for a complete account of the 
difficulties, consult Leathem, Volume and Surface Integrals used in 
Physics, Cambridge Mathematical Tracts No. 1. 


SS ΟΝ = 
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permeability y differing from unity (15) would have been 
written 
B = pH447eM = H+471+40M. . (18) 
However, we have decided to simplify our discussion in this 
chapter by always putting » = 1. At points unoccupied by 
magnetic matter B = H. 
At places where there is no current the magnetostatic 
potential exists and satisfies 
H = —grad Q. . . 
Combining (15), (16) and (19), or else directly from (14) 
V2QQ = 4π div M. . (20) 


In particular, at all points not occupied by magnetic matter, 
i.e. outside the magnets, and at other points also if M is 


. (19) 


sit V2Q =0. . (21) 
The magnetic vector potential A is still defined by 
B=culA, αἷν Α --ὖ, . (22) 


from which, together with (15), (16) and (19) it is easy to 
show that 

V7A = —4r curl M. . (23) 
Equations (15) to (23) may be called the equations of the 
magnetostatic field. 

In order to obtain the vector potential for a large magnet 
we must integrate the formula (6) for a single magnetic 
particle. If r is measured from the point P to the particle 
(this is a different convention from that used in (6)), 


] 
Ap = [me Xgradg ; dvg. * . " (24) 
Now 
| 1 
cur] (*) - curl M-+grad 5 <M, so that 


A= ΞΞ = av— | curl (=) dv. 
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We now make use of the fact that for any vector a, 


[ curt ἀν = — [ axas : . (25) 


This may be proved by taking each component separately, 


or alternatively, if t is any constant vector we can write 
t. J axas = [ t.(axas) 
πὸ Ϊ (txa).aS 
= [ div (t Xa) dv 
= [ {a.curl ὁ —t.curl a}dv 
= —t. f curl a dy, 
Bvt t is an arbitrary vector, and so 
| axas = — f curl a dv, 


This shows that 
curl M fMxdsS 
i= 1-:Ξ:Ξ 
Ϊ P dv +] : > ; . (26) 
It is interesting to compare this last formula with the formula 


(14) for Q: 
div M 
--| ’ w+ (= . fe 


r 


If there is a finite current distribution j as well as permanent 
magnetism M, then by combining (26) and the corresponding 
result (26) of § 52 for currents, we obtain the one equation 


+-curl M MxdsS 
a = (erat | re ο 


r 
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§ 69. A uniform bar magnet 


Let us illustrate the results of the last paragraph by 
considering a bar, of constant circular cross-section ; the ends 
are perpendicular to the length of the rod, a distance l apart, 
and we suppose that the intensity of magnetisation is constant 
and equal to M, directed along the bar. This is a very fair 
model for a common bar magnet. 

The potential due to this bar magnet may be obtained 
from (14). Since div M = 0 the field is the same as if we had 
a layer of positive poles M at one end and an equal layer of 
negative poles at the other. At large distances, therefore, the 
magnet behaves like a single magnetic dipole of moment 
παῖ! , a being the radius of either end. For closer distances 
it behaves as if poles --7a*M existed at the two ends. Very 
close to either pole we must take account of the distribution 
over the whole circular end. (For the detailed result see 
questions (18) and (19) at the end of the chapter.) 

If we cut the magnet in two across its length and separate 
the halves, then on each new face poles -+-7a*M automatically 
appear, a simple consideration of which explains why Poisson 
was unable to obtain isolated magnetic poles by dividing a 
magnet, 

If we have two long magnets of this kind and by means 
of corks we make them float horizontally on water in such a 
way that two of their ends are fairly close and the other 
two very distant, the interaction of the distant poles may be 
neglected and we are able, approximately, to measure the 
forces between isolated magnetic poles. In this way it has 
been shown that the law of force is the inverse square, within 
experimental error. 

We show in Fig. 44 diagrams illustrating the lines of B 
and H for the bar magnet under consideration. The most 
important fact about these diagrams is that outside the 
magnet B and H are identical ; but inside since B = H-+-47M, 
and B, is continuous across the ends, B and H are in opposite 
directions. The magnetic field H inside the magnet is in a 
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direction opposing the magnetisation M, and for this reason 
it is sometimes referred to as the demagnetising fie!d in 
the magnet. The student should convince himself of the 
approximate accuracy of these diagrams. 

Both diagrams are completely equivalent descriptions. 
But it is quite clear that B rather than H is a more natural 
vector to choose for representing the field. We can under- 
stand this if we recall that the atomic magnets from which 
the magnetisation M is compounded are really tiny currents 
flowing in planes perpendicular to the length of the magnet. 


Lines of B Lines of H 
Fria. 44 


When we superpose all the tiny currents in the whole bar, 
the result will be similar to that of § 48, except that instead 
of splitting up one large circuit into a number of smaller 
ones (Fig. 33), we are now combining the small currents 
together. The induction B of the bar magnet is therefore 
the same as if the permanent magnetism had been replaced 
by a current of magnitude LM flowing round the curved sides 
of the magnet. It will be recognised at once how closely the 
lines of B resemble the corresponding lines for a long solenoid. 
Indeed, mathematically, the two calculations are indistin. 
guishable. (See § 72, question 26.) 
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§ 70. Energy 

Since the potential energy of a single magnetic particle 
in a field H is —m.H, it follows that the potential energy 
of an invariable magnet is 


potential energy = — { M.Hdv. . (28) 


In particular if the field H is due to another permanent 
magnet, described by H,, and the first magnet is described by 
H, and M,, this energy is 


— | my. de es ee, 


Since M, =0 except in the space occupied by the first 
magnet, we may take the integration over all space. We can 
bring (29) into a more symmetrical form by using the fact 
that | B,.H, dv = 0 integrated over all space, including the 
magnets. In fact 


| B,.H, dv= — B,.grad 2 dv 
ae | {div (Q,B,)—Q, div B,} ἄν. 


The last term on the right is zero, since by (16) div B, = 0. 
The other term is transformed by Green’s theorem into a 
surface integral; as there are no discontinuities in 2,B, 
this surface integral is taken over the sphere at infinity only. 
For a finite magnet considerations of orders of magnitude show 
that this term is zero. Thus | B,.H, dv =0, and so (29) 


may be written 


1 " 
potential energy = — -| (B,—H,).H, dv 
δ = ee Ore μ᾿ 
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the integration being over all space. The symmetrical form 
of this result shows that it is also equal to —f M,.H, dv. 
It is possible, by using (80), to deduce all the forces and 
couples on either magnet due to the other, assuming always 
that the magnets are ideally hard, i.e. that the magnetisation 
M, is quite unchanged by the presence of H,. As we stated 
earlier, this is only approximately correct. 

We can also use (30) to calculate the field energy of a large 
magnet. For suppose that the large magnet is built up from a 
series of n separate small magnets. The total field H is the 
sum of the partial fields due to each small magnet, so that 


Re, (+e . «CH 


Now the energy of the field due to the large magnet may be 
regarded as the work done in bringing these n small magnets 
together under their own mutual influence ; 80 it is 


] vi» thy, 
= | {H,.Hy}H,.H,+H,.Hy+ ον } de, 


in which the contribution from each pair of small magnets 
is included. By (31) this may be written 


] [1 a 
energy = ὃς | H* do— {aq | Bitte + = [tao + κ᾽. + 
. 
= le dv—C, i" . Γ᾿ ᾿ [ . (32) 


where C is a constant independent of the way in which the 
small units are fitted together: it is therefore a measure 
of their internal energy when separate from each other. (32) 
shows that apart from some unknown constant term we may 
take the field energy of the large magnet to be 


field energy = =| H*de, . ‘ . (33) 


where the integration is over all space, including the magnet. 
We may speak of an energy density H?/87 in a manner 
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similar to that which we have used for electrostatic energy 
in § 28. Indeed, (33) is precisely the same as would be 
expected for the energy of the magnetic field according to 
the discussion in § 64. More accurately, it is the same as 
would be anticipated in those parts of space outside the 
actual magnet itself: inside the magnet we should expect to 
find the product of B and H instead of Hi’. 

The result in (33) is of a familiar form, but we must 
remember its limitations; besides our assumption that the 
magnetisation is invariable for each small particle, we have 
also assumed, in (31), that the principle of superposition 
(§ 7) is valid, and the whole phenomenon of hysteresis shows 
that this is not so; nor have we shown how the self-energy 
of the small particles—C in (32)—depends upon what 
assumptions we may make with regard to their shape, size 
and number. For these reasons, (33) is to be regarded as the 
energy of a theoretical magnet, rather than a physical one. 
Further discussion of the internal energy of a real magnet 
is beyond the scope of this book. 


§ 71. Terrestrial magnetism 


There is one other aspect of permanent magnetism which 
is of special importance. This is the earth’s magnetic field. 
We are all aware of the use to which it is put in the mariner’s 
compass. A detailed description of the earth’s magnetism 
is very complicated, especially as there are several seasonal 
variations of different periods, but for many purposes it is 
good enough to suppose that the earth behaves like a 
uniformly magnetised sphere, though the direction of 
magnetisation (the magnetic polar axis, which does not quite 
coincide with the earth’s axis of rotation) is slowly changing. 
Let us therefore consider the magnetic field of a sphere of 
radius a (Fig. 45) uniformly magnetised with intensity M 
in the z direction. 

The best way of dealing with this problem is to solve the 
differential equation for the magnetostatic potential (2, as 

K 
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illustrated in the next chapter. This may be done by com- 
bining the analysis of §§ 76 and 79. But 2 may also be 
obtained by direct integration, using Poisson’s imaginary 
magnetic matter (§ 68). According to (14), since div M = 0, 
there is no volume distribution of poles and the surface 
distribution is M,,, ic. M cos θ per unit area. Thus 


2p = [35 . . . (34) 


The proper way of dealing with this integral is to expand 
1/PQ in a series of Legendre’s Polynomials, with OP as polar 
axis (cf. § 78, equation (12)). On integration all the terms 
vanish except one and the result (35) is soon obtained. But 
we give an alternative proof below for the student who is not 
familiar with these important polynomials. 

Let POz =a, POQ -- Θ, and let us define the position 
of dS at Q by the variables u and ψν, where u = PQ and ψ 
is the angle between the planes POz and POQ. It is soon 
verified that 

u? = q?+-r?—2ar cos 8, 
cos θ᾽ = cos a cos © +-sin a sin © cos yf, 


dS =a? sin @ dO ἀψ =~ udu dy. 
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We may therefore write (34) in the form 


Ω» ==" | {008 a cos @ Ὁ εἴη a sin @ cos ψ)άω dy 


-=*| cos a cos θ du 


tn 27Ma cos a α3- γ3--ὸ 
πὰ r 2ar 


du. 


If P is outside the sphere, the limits of u are r—a and r+a: 
but if P is inside they are a—r and a+r. The integration is 
quite straightforward and the result is: 


Ω = 40M =, P outside the sphere _—. (35) 
= i4nMrcosa, FP inside the sphere . . (36) 


(35) shows that at outside points the sphere behaves just as 
if a large magnetic dipole of moment $7a*M was concentrated 
at the centre, but at inside points (36) shows that the field is 
uniform, and of strength $7M. 'The field lines of B are shown 
in Fig. 46. 

From (35) and (36) the direction and magnitude of the 
earth’s magnetic field are easily obtained. We notice from 
Fig. 46 that at points on the earth’s surface the direction of 
the field makes a non-zero angle with the horizontal meridian 
at the point. This angle is called the angle of dip. Evidently 
the dip has its greatest value of 90° at the magnetic poles 
Z, Z'. 

We shall conclude this chapter with an alternative proof of 
(35) and (36). We mention it because the method of proof may 
be generalised to apply to any uniformly magnetised body. 
(See § 72, questions 21 and 22.) Each element dv of the sphere 
may be regarded as a magnetic dipole of moment M dv: 
this in turn may be regarded as a pair of positive and negative 

Mdv 


poles + τ & very small distance 1 apart. In this way we 
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may split up the whole magnetism into a uniform distribution 
of positive poles M/I per unit volume filling one sphere, and 
an equal distribution of negative poles filling an equal sphere, 
displaced a very small distance / from each other, as shown 
in Fig. 47. At points outside the spheres each distribution 
behaves like a concentrated pole of size 
ob = x = ma, so that the field is that 
due to a magnetic dipole in which the 
pole strength is 47a*M/3l, and the 
: separation of the poles is/. The moment 
Fria. 47 of such a dipole is $7a°J/, in complete 
agreement with (35). We leave it as 
an exercise for the reader to prove (36) for internal points in 
the same way. 


§ 72. Examples 


1, Show that the time of swing of a magnetic dipole of 
moment m and moment of inertia J in a field H is 274/(I/mH). 

2. A tangent galvanometer consists of a coil of n turns of wire 
of radius a, resting with its plane vertical and in the magnetic 
meridian. The horizontal component of the earth’s field is H. 
Show that when a current ¢ flows round the coil a small compass 
needle placed at the centre of the coil is deflected through an 
angle @ where tan θ᾽ = 2nnt/aH. 

3. A small magnet is placed at distance r from an infinite 
straight current i. Prove that in addition to a couple, it also 
experiences a force 2im/r*?, where m is the projection of the 
moment upon the shortest distance between the magnet and 
the current. 

4. Deduce the formula (m.grad)H for the force on a magnetic 
particle in a field H by regarding the particle as a pair of equal 
and opposite magnetic poles a small distance apart. 

5. Show that if we attempt to calculate the energy of the 
field due to a single small magnet by integrating H*/8 throughout 
all space we obtain an infinite value. 

6. In order to avoid the difficulty of the previous question, 
suppose that each elementary magnet is a uniformly magnetised 
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sphere of radius a. Show that le” is now finite and has a 


value ; 7*a°M?, where M is the intensity of magnetisation. 


7. Two small magnets are free to rotate in a plane about 
their centres which are fixed. Show that the only stable positions 
of equilibrium are those in which the magnets are pointing in 
the same direction along the line joining their centres. 

8. Starting from the formula (10) for the mutual potential 
energy of two small magnets, show that the couple G exerted on 
= mxm’ 3(mXr)(m’.r) 

ξδιζε. . π : 

Obtain the same result by writing G = τὰ XH, where H is the 
field due to the m’ magnet. 

9, In the previous question why is the couple exerted on m 
by m’ not equal and opposite to the couple exerted on m’ by m? 

10. Verify that the vector A whose components are 

( ait 0) 
(αὐ ἐν γ᾿  (a*+y")r 


Ac dy Az : 
is such that curl A = [- - + ἢ <), and div A = 0. Show that 


A would be the vector potential for an isolated magnetic pole of 
strength A at the origin. Deduce from this the value of A for a 
magnetic dipole at the origin pointing in the z direction. [See 
(6) in § 66.) ate 

11. Show, by direct vector differentiation of (1) and (6), 
that curl A = H = —gradQ. 

12. Show that if we attempt to calculate the magnetic field- 

“Se | f 

energy of a given permanent magnet by evaluating 81 [ B.H dv 
through all space, the result is zero. Explain this. : 

13. Show that with two permanent magnets, in the notation 
of § 70, { B,.B,dv = — [ H,.H, dv. Deduce that their mutual 


potential energy may be written in the form 


τ J H,.H,—B,.B, dv. 
Ss 
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14. Show that the potential energy of an invariable magnetic 
shell of uniform strength p in a given field is —pN, where N is the 
flux of induction of the given field through the shell. 

15, Write down the equations to be satisfied by the potential 
{2 due to a uniformly magnetised sphere, and verify that they 
are all satisfied by (35) and (36). 

16. Prove the result (36) for the potential inside a uniformly 
magnetised sphere by the method illustrated at the end of ἢ 741. 

17, One sphere completely surrounds another. The space 
between is uniformly magnetised. Show that there is no field 
inside the cavity. Write down an expression for the magneto- 
static potential at any point. 

18. Show that at points on the axis of the cylindrical bar 
magnet discussed in § 69 the induction B is directed along the 
axis and has magnitude 27M(cos B-Lcos a), where a and B are 
the acute angles subtended at the point by radii of the two ends, 
and the positive sign relates to inside, and the negative sign to 
outside points. Compare the result with § 49 for the field due to 
a solenoid. 

19. Deduce from the result of question (18) that just outside 
the centre of the positive face of the bar magnet the field H is 


7 ἶ 
πη Μ Vera) 


away from the magnet; but just inside the magnet it is 


l 


directed from the positive to the negative face. Notice how this 
confirms the direction of the lines of H in Fig, 44. 

20. If we regard the magnetisation of the bar magnet of 
questions (18) and (19) to be replaced by two layers of positive and 
negative poles +-M per unit area of the two faces, then question 
(19) gives the magnetic field H just outside the positive layer +, 
But if we had been dealing with an electrostatic problem in which 
& conductor carrying a surface charge σ per unit area of the ends 
was substituted for the bar magnet, the electric field would be 
simply ἐπσ. Explain the difference between these two formula. 

21. At @ point on the axis inside the bar magnet of the last 
three questions there is a small spherical hole, By using Poisson’s 
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i ic Mat ise, show that the field 
Imaginary Magnetic Matter, or otherwise, § re ; 
at the centre of this hole is —3nM-+27M (cos B+-cos a). if | the 
magnet is very long deduce that the field is 47M in a direction 
opposite to the magnetisation. 


: oe as 
22. Show that for a uniformly magnetised solid A = Mx [ Ξε: 


as 
Next show that for a sphere of radius a and centre 0, { = 


is a vector in the direction from O to the point P from which 7 
is measured. If OP = R, prove that 


R 
as — aR ahi (a?+- FR? —r*)dr. 
r Re) \q—R 
Deduce that the magnetic vector potential for a uniformly 
tised sphere is given b 
magnetised sph given by ἀνάξω 
Outside the sphere A = 3 7 τπτ΄ 
4 
Inside the sphere A = 3 "MXR, 


Interpret your result. νά θυ δα 
23. The magnetisation M of a certain body is constant. Show 


that at a point P, 
Q M. grad. [Ξ 
i ee J ne 
If we put Vp for the electrostatic potential at P due to unit 
volume aaa of charge throughout the body, show that this 


may be written . μὲ y 
p = —M.grad Vp. 


Deduce equation (35) for the potential of a uniformly magnetised 
sphere, 
; 24, If the magnetisation M of a certain body is constant, 
show that equation (24) may be written 
dug 
With the notation of the previous question show that this is 
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Deduce the results of question (22) for a uniformly magnetised 


ere. 

25. Show that the magnetostatic potential 2 for a uniformly 
magnetised solid is the same, at outside points, as the potential 
due to a magnetic shell closely surrounding the body and of 
strength Mz, where z is measured in the same direction as the 
magnetisation M. 

26. A cylindrical bar magnet of length / is uniformly mag- 
netised with intensity M@. Show that the vector potential given 
by (26) is precisely the same as we should find for a current 1M 
flowing uniformly round the curved surface of the magnet. 
(This was stated without proof at the end of § 69.) 

27. If the earth be regarded as a uniformly magnetised sphere, 
and if ὃ is the dip at a point whose magnetic latitude is a, prove 
that tan ὃ = 2 tan a. 

28. If the earth is a uniformly magnetised sphere of total 
moment M, prove that an electron of charge e and mass m can 
describe a circle of radius r outside the magnetic equator if its 
velocity is eéM/:r*. 


=z 


CHAPTER IX 
POTENTIAL PROBLEMS 


§ 73. Mathematical equivalence of all potential pro- 
blems 


THE solution of a problem in electrostatics may be regarded 
as known when we have determined the electrostatic potential 
at all points. The same is true for the distribution of current, 
and for magnetism, both permanent and induced. The 
reader will already have noticed that the differential equations 
which determine the potential are practically identical in all 
cases: the differences mainly occur in the boundary condi- 
tions. For this reason the mathematics used to solve one 
problem may often be used immediately to solve another ; 
we have therefore reserved till this chapter a series of problems, 
closely related, to which we may give the name of potential 
problems, since they all consist in solving the potential 
equation under various given conditions. In the next chapter 
we continue the discussion by outlining some important 
special methods. 

Let us first consider the equations that must be satisfied 
by a potential function. For convenience we shall call it ¢, 
without stating whether the resulting function applies to 
an electrostatic, magnetostatic or current-flow problem. In 
practically all cases we have Laplace’s equation. 


(i) V*é = 0. 
The boundary conditions vary somewhat according to the 
type of problem. Thus 
i) Φ = constant 
183 
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is the condition on any conductor in electrostatics or electrode 
in current flow ; and 


(iii) | = dS is related to the total charge on the con- 
ductor or to the total current from an electrode. With a 
finite system of charges, currents or magnets : 

(iv) ¢ -» 0 at infinity. 

But if there is a uniform field Z, at infinity in the z direction, 
this latter condition must be replaced by 
ᾧ = —E,z+¢’, where ¢’ is finite at infinity. 
This may be put in the form 
¢-+-Hz is finite at infinity. 

(v) Further, there can be no singularities in ¢ except at 
isolated charges, double layers, electrodes or magnets. Near 
an isolated charge e for example, ᾧ = e/Kr-+¢’, where ¢’ 
is finite, r being measured from the charge, so that 6—e/Kr 
is finite. Similarly at a dipole m in 8. vacuum, φ-- τ 
is finite. 

(vi) At a sudden change of medium other types of 
boundary, or continuity, conditions are introduced. Thus 
at the boundary between a non-conductor and a conductor 
carrying a current, 

a = 0, 


If we have two media, 1 and 2, in contact, we shall generally 
have two distinct analytical expressions ¢, and ¢, valid in 
the two regions, with boundary conditions (cf. § 26) at all 
the common points of 1 and 2, 


ote Ss on ἐν én’ 
or their equivalent. 


re 
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§ 74. Methods available 


It is quite clear from § 73 that the various types of problem 
are essentially equivalent. Now let us see what methods are 
available for finding ¢. Insimple cases, such as an isolated 
charge, a charged sphere or a small magnet, we know at once 
the value of ¢, and the principle of superposition enables us 
to combine together any number of such solutions. There are 
also special methods which we discuss in the next chapter. 
But if our problem does not fall into any of these types, we 
usually expand ¢ as a series of harmonic functions * with 
coefficients that must be determined from the boundary 
conditions. 

In spherical polar co-ordinates r, 8, ψ the simplest harmonic 
function is just 1/r, in which r may be measured from any 
arbitrary point. This is sometimes written a ry being 

0 

an arbitrary constant vector. Other simple harmonic 
functions are r cos @ and cos @/r*. Since r cos 6 = z, these 
latter are particularly suitable for problems connected with 
a uniform field, as we should expect from (iv) above. These 
three functions are particular cases of the spherical harmonics 
r™P (cos 0) and r-"+)P,(cos θ), where P,(cos 6) is the 
Legendre Polynomial of degree n in which ἢ is a positive 
integer.t Since P,(cos @)=1, and P,(cos 0) = cos @, we 
recognise at once the nature of our earlier functions. The 
functions r"P,,(cos 0) remain finite when r = 0, but not when 
r = infinity ; the opposite is true for r+ P,,(cos 8). It is this 
fact which usually decides which of the two types will be 
required in a given problem. Both of them have cylindrical 
symmetry about the polar axis 6=0. If, however, our 
problem does not have this degree of symmetry, we require 
to use tesseral harmonics such as r*™P™ (cos @) cos mys. However 
we shall not use such functions in this book. 

* Any solution of Y*¢ = 0 is called a harmonic function. | 

+ For a discussion of Legendre’s Polynomials, without which this 
chapter cannot be properly understood, see e.g. Jeans, Electricily and 
Magnetism, or Whittaker and Watson, Modern Analysis, 
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The corresponding functions in two-dimensional polar 

co-ordinates r, @ are 

log r, log |r—r,|, r® cos nO, γῆ sin nf. 
With these latter it may be necessary to restrict πὶ to be an 
integer, positive or negative, if we want to keep ¢ single- 
valued over the whole range of 0. 

In cylindrical polar co-ordinates r, 0, z the standard harmonic 
functions are J,,(nr) cos m@ e*"*, and J,,(nr) sin m@ e+", 
where J,,(mr) is the Bessel function of order m and 
variable mr. We shall not require any of these functions, 
however, in this chapter, nor any of the modifications which 
occur in them if m or ἢ is taken to be complex.* 

There are, of course, many other harmonic functions 
besides those enumerated above. But as we shall see below, 
these are sufficient to deal with a great many important 
problems. The rest of this chapter will be devoted to 
illustrations of their application in the various branches of 
electrostatics, current flow and magnetism. 

There is one other point that we must mention here, 
though we return to it in more detail in the next chapter. 
If by any means whatever we have found a potential function 
¢ which satisfies all the required conditions, this must be the 
correct solution, for it can be proved (§ 83) that the conditions 
we have listed in § 73 are sufficient to define ᾧ uniquely. 


§ 75. Spherical conductor in a uniform field 

Consider the case of a conducting sphere of radius a 
(Fig. 48) placed at zero potential (i.e. connected to earth) 
in a uniform electric field Z, parallel to the z axis. If we take 
spherical polar co-ordinates with the axis along Oz, we have 
to find a potential ¢ which satisfies the following conditions 
(see §§ 10, 13 and 73 (iv)) :— » 

(i) ν᾽ ᾧ =0, 
(ii) 6 = 0 when r ξξε α, for all values of θ, 
(iii) 6+-Zor cos θ is finite at r = infinity. 
* See e.g. Coulson, Waves, Oliver and Boyd Ltd., 1949, pp. 14, 76. 
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The form of (iii) suggests that we try the functions referred 


to in § 74 which involve cos θ᾽ times a function of r. We shall 
see the justification for this later. But for the present let us 
see if we can get a solution 


¢ = —LEr cos 944 τ A e . (i) 


Direction of field Zo 
SS Νὰ 


-““-- 
Fig. 48 


in which A is an arbitrary constant to be determined. This 
choice automatically satisfies (i) and (iii). It also satisfies 
(ii) if 


—E a+ a =O, ie. A = Hya'. 


Thus the solution of this problem is simply 


| a 
$= —By coe ἈΚ 5: ΡΝ 


The lines of force corresponding to this potential are shown 
in the diagram. We may think of the term H,a* cos 6/r? as 
representing the disturbing effect of the sphere. This dis- 
turbing effect is the same as if a dipole of moment E,a* was 
placed at 0 pointing in the direction of the field Z,. (Some- 
times called the image dipole, see § 86.) 

It is obviously true that (2) provides us with a complete 
solution. But we inevitably ask: why are there no more 
terms? To answer this question let us suppose that there 
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were other terms, As there is cylindrical symmetry about 
θ = 0, the additional terms must be of the general form 
r-("+)P, (cos θ). If we included terms r*P,, (cos 6), then 
¢+-E or cos 8 would not be finite at infinity. So let us try 


ᾧ = —Egr cos 0+ = 008 6.38, (cos #)+- ... . (3) 
This satisfies (i) and (iii). Τὸ satisfies (ii) if, for all values of 8, 
: | A,' A A 
0 -- (—20+ 3) cos θ- = P, (cos @) + π δι (cos θ)-Ἐ ... 


The Legendre polynomials are linearly independent. So 
each coefficient must separately vanish. This means that 
A, =H’, 4,=A,;=... =0. Hence the extra terms 
vanish, and (2) is indeed the full solution. 

Knowing ᾧ we can soon get the induced charge density 
σ on the surface of the sphere. For 


tro = — (2) = [2,(1+22)co06] = anyone, 


Hence 


c= = E,cos@ . : ‘ . (4) 
This shows that the induced charge is negative on the left 
half of the sphere, and positive on the right half, so that the 
total charge on the sphere is zero. 

If the sphere receives a charge Q it will no longer be at 
zero potential. But we can determine the resultant potential 
by the principle of superposition. In fact, 


Q 
r [ ᾿ (5) 
The potential of the sphere (r = a) is now Q/a, and all other 
quantities can easily be found. If Q lies between +-3a°F, 
the surface of the sphere will be divided into a region of 
negative charge and another region of positive charge. 


j 3 
4 = —Ly 00s 0+ = 008 8 + 
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ἢ 76. Dielectric sphere in a uniform field 
Let us replace the conducting sphere of § 75 by a dielectrio 
sphere of uniform dielectric constant K, (Fig. 49) placed in a 
medium of dielectric constant K,. 
There are now two separate regions asta Creetion oF Be 
of space, inside and outside the i 
sphere. Let us call the two poten- 
tials ¢, and dg. According to § 73, 
and using the same notation as in 
the last section, we have to find ¢, 
and ¢, so that (see § 26) 
(i) Vo, =. 0, Vo, soa 0, 
(ii) ¢,+2,rcos@ is finite at 
infinity, 
(iii) ¢, finite in r<a, 
(iv) ¢, =¢, onr =4@, for all 8, 


(v) ἄς = K, ont =a, for all @. This is the condi- 


tion (17) of § 26 that D,, or KZ,, must be continuous at the 
change of medium. ‘The results for the conducting sphere 
suggest that we try e 
¢, = —Egr cos 6+ - 008 6. . . (6) 
φ. = Br cos 8 : : : , . (ἢ 
This satisfies (i), (ii) and (iii) whatever the values of A and 8, 


A ᾿ 
It also satisfies (iv) if —Hya + ἊΝ Ba, and (v) if 


2A | 


These are two simultaneous equations for A and B, giving 
K,—Ky 
K,+2K, 
(6), (7) and (8) solve our problem completely. Taking EK,=1 


rer Ea, B= >> FE . (8) 
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we have the case of a dielectric sphere in a vacuum. Taking 
K, = 1 we have the case of a spherical hole in a dielectric K,. 
This is interesting as it adds something more to the discussion 
of cavities in ὃ 31. The fact that ¢, may be written in the 
form ¢, = Bz shows that the field inside the sphere is quite 

: - 3K, 
uniform and equal to —B, i.e. K,42K, 2 
effect of the sphere is shown by the dipole term A cos @/r? 
outside r =a. In Fig. 49 we show the lines of displacement 
D (D= KE) when K,>K,. This shows that the sphere 
tends to concentrate the lines. Just the opposite holds if 
Κι «-Κ,. 

The student should verify that extra terms such as those we 
found unnecessary in (3) are not needed in this problem either. 
If we had required them, they would have been of the form 


A A A 
d, = —Eyr cos6+ = cos 9 + =P (00s 8) + Ps (cos @)+.. 
φ, = By,r cos 0+-B,rP,(cos @)+-Byr?P3(cos @)+ 2... . = (9) 


§ 77. Small magnet in a spherical hole 

Our next example is taken from magnetism. Suppose 
(Fig. 50) that a small magnet of moment m lies at O point- 
ing along the z axis, at the centre 
of a spherical hollow of radius a 
surrounded by a medium of uniform 
permeability μ. Measuring from O 
as origin we have to find two poten- 
tial functions ¢, and ᾧ,, so that 
(see §§ 66, 68) 

(i) V*¢, = 0, Vp, = 0, 

(ii) ¢.-> Ὁ at infinity, 
(iii) 6,—m cos @/r? is finite at r = 0, 
(iv) 6, = d, at r =a, for all 8, 


δ 
(v) ἘΞ =p ad at r =a, for all θ. This is the condition 
(17) of ὃ 68, that B, is continuous at the change of medium. 


Fie. δῦ 
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In view of (iii) it is natural to look for solutions involving 
r cos θ and cos @/r*. We leave it as an exercise to the reader 
to verify that if we write 


m cos @ 


>, = κ᾿ +Ar eos 6, 
B cos 6 
$, = τ , 


our conditions are all satisfied by 


ats 2. 
~ 14+2u a’ es Ee ey 


A 


§'78. Point charge outside a dielectric sphere 

Our next problem is a little more difficult. We are to 
find the potential function due to a point charge e placed at 
B (Fig. 51) a distance ὃ from the 
centre of an uncharged dielectric 
sphere of radius a. The notation 
is shown in the figure. We have 
to find two potential functions ¢, 
and ᾧς so that (see ὃ 26) ζ 

(i) V°¢; ἊΝ 0, ν᾽ φ, = 0, Fie. 61 

(ii) φ.-- ἡ is finite at R = 0, Καὶ being measured from B, 

(iii) 62> Ὁ at infinity. More accurately, since the total 

οἱ εὐθὴς bet 1 

charge is 6, we shall have ¢, = 5 -+- higher powers of δι at 
infinity, 

(iv) φ, is finite if r<a, © 

(v) φ; =¢, on r =4@, for all 8, | 

(vi) x? = ony =a, for all 6 This is the continuity 


condition for D, at the change of medium. 


L 
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This problem is one in which we shall need all the 
Legendre’s functions of § 74. So let us write 


φ. = Ay+-AyrP, (cos 6)+-Agr*P,(cos 6)+ . . 


μι - 4042s Bree, BPC δὴ ας αι 


We must find values of Ay, A,, ... By, ...C so that the 
conditions (i)-(vi) are satisfied. Now (11) automatically 
satisfies (i), (ii) and (iv). It also satisfies (iii) if C =0 and 
B,=0. To deal with (v) and (vi) we have to use the fact 
that if r<b, 

] δὰ 


Conditions (v) and (vi) now give us two equations in @, which 
must be satisfied for all values of 8. Since the P,, functions 
are linearly independent, we may equate coefficients of each 
P,, (cos 8) on the two sides of each identity. Then (v) gives 


B,, ea” , 
Ay=;, , A,a" = anti + ἔπη (21 = ], 2; a τὰ 
and (vi) gives 
-ἰ 
nKA,a"— = _ (n+)B, nea" (n = 1, 8... 3 


In this way each coefficient A, and B,, is obtained, and the 
potential is known. 

If we want to find the force on the charge at B, we shall 
have to calculate the field there by differentiating ¢,. But 
the first term e/R in ᾧᾳ must be omitted since this is simply 
the direct field of the charge and no charged particle can 
move itself by means of its own direct field, The effective 


field is therefore 
0 δ 
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measured at θ =0O,r =b. Nowaté = 0, each P,, (cos θ) εἷς 1, 
so that the effective field is 


2B, aa 
a ον “ἴα 
and the force on the charge at B is a force >; ir ed} in the 
direction OB. 


8 79. A two-dimensional problem in magnetism 


Problems in two dimensions are generally best done by 
the methods of our next chapter. But we can briefly illustrate 
how the methods of this chapter may also be applied, if 
we wish. Consider an infinitely 
long circular cylinder uniformly 
magnetised in a direction perpen- 
dicular to its axis (Vig. 52). Let 
us use cylindrical polar co-ordinates 2 
in which the origin is at O, the z Fro. 62 
axis is taken to be the axis of the 
cylinder and the θ =0 direction (or x axis) is parallel to 
the permanent magnetisation M. We have to solve the 
equations (see § 68) : 

(i) νφι = 0, V¥d. = 0, 

(ii) 62> Ὁ at infinity, 

(iii) 4, is finite for r<a, 

(iv) 6; =¢,0onr =a, 

(v) ae +-47M cos θ = ae onr=a. This is the 


condition that B,, is continuous a f= 4. 
Let us expand ¢, and ¢, in series form. 


gd, = XA," cos nf, n=1,2,... 
Σ Bn | 
d,=L—cosnl, n=1,2,... »« . (195) 
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This automatically satisfies (i), (ii) and (iii). Further, (iv) and 
(v) are satisfied if and only if 


A, = ὅπ, B, = 2n Ma’, A, = B, = 0 when n>z2. 
In this way we have obtained the complete solution. 


§ 80. Another two-dimensional problem 


A rather more difficult two-dimensional problem is shown 
in Fig. 53. An infinitely long 
line-charge of strength e (see § 12, 
question 15) at A is parallel 
to an infinitely long dielectric 
cylinder of radius a, and OA =f. 
We are to find the potential 
function at all points. 

The potential due to a line 
charge e at A, without any 
disturbing effects due to the dielectric, is (see previous 
reference) 


ᾧ = —2e log R+constant, 


where R is measured from the line charge A as in the figure. 
We have therefore to find two potential functions ¢, and ¢, 
valid in the regions 1 and 2, such that (see § 26) ; 
(i) ν Φ, = 0, σώ, = 0, 
(ii) $, is finite in r<a, 
(iii) 6.+-2e log R is finite for r>a, 
(iv) φ, = $,0nr =a, 


(v) i= are, 


We therefore put 
¢, = 5 A,r" cos ηθ, 
n=( 


$y = —2e log R ἘΣ 555 00s nd : » (14) 
n=) 
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This automatically satisfies (i), (ii) and (iii). To satisfy (iv) 
and (v) we use the fact that if r<f, 


r r? | 
log B = log f — 40088 — στ 008 27 — . cs) ς {18 
This is most easily proved in complex co-ordinates by putting 
z=2-+iy, expanding log (f—z) in powers of z/f, and then 
taking the real part. Thus condition (iv) gives, on comparing 
coefficients of cos né : 


Zea" 8 
Ay = —2e log f+-B, , A,a" = ΤΩ ye 
In the same way condition (v) gives: 
2ea"-1 nB, 
nKA,a"- = ΡΠ ar a (n = l, 2. — ) 


These two equations determine the whole solution, apart from 
an arbitrary constant. Such a constant represents an arbitrary 
zero of potential (in two-dimensional problems it is seldom 
possible to put the potential zero at infinity). 

When solving such problems as these, in two or three 
dimensions, the student is strongly advised to follow the 
same procedure as in §§ 76-80, 1.6. to begin by making a 
list of all the conditions that the potential must satisfy. It 
is impossible then to leave out any of the conditions by 
mistake, and the whole solution can be set out quite 
systematically. 


§ 81. Problems with axial symmetry—a useful device 

When a three-dimensional potential problem has axial 
symmetry, it is generally best to use spherical polar 
co-ordinates r, 6, ψ, and to take the axis of symmetry as the 
polar axis θ = 0. In such a case the potential is independent 
of %, and we can write 


zi | 
d= Σ {Ar + = P,(cos @), . . (16) 


where A, and B, are certain constants to be determined. 


166 ELECTRICITY 


Along the axis of symmetry @ = 0 so that P,, (cos #) = 1, 
and r =z; thus ¢ reduces to 


Br 
bons = Σ {4 a xt . e ΓῚ (17) 


Now it may happen that we are able, by other means, to 
calculate the potential along the axis of symmetry. In that 
case, by comparing our result with (17) we determine at once 
the coefficients A, and B,. This means that the complete 
potential function (16) is now known, for points off the axis 
as well as for those on it. 

The simplest illustration of this useful device is found in 
calculating the potential due to a circular wire carrying a 
current +. We have already determined in § 49 the potential 
at points along the axis of symmetry. Using the notation of 
Fig. 34 we have shown in (11) of § 49 that 


Paxis = 27i{1—z/4/(a*+2")}. 


If we write this in the form required by (17) we need two 
separate expansions : 


z<a Gens = 3πὶ {1-2 + = — 
(αὐ 3a‘ 
z>a $y = πὶ | gt 


It follows that the potential ¢ is given at all points by an 
expression of the form (16), where, 


if r<a, ΒΒ. τεῦ Ay = Qt, A,=A,=. . oman, 
Qari aiy uo +++ (2n—1) 1 
A, => Ants = 2πι(-Ἰ)" TS ee Re TG 
endifr> Αι τ δ. | 
. (2n-+-1 
B, = ani μα a Bon+1 = 27rt(—1)" ae ants | (18) 
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From this it is a straightforward matter to calculate the field 
at all points and so we complete the discussion which was 
commenced in § 49. 


§ 82. Examples 


1. Show that the least charge Ὁ that can be given to a 
conducting sphere of radius a so that when the system is placed 
in a uniform field Εν no part of the sphere is negatively charged 
is Q = 3a". 

2, A conducting cylinder of radius a and infinite length is 
placed with its axis perpendicular to a uniform field 2. The 
cylinder is at zero potential. Calculate the potential at all 
points and deduce that the greatest surface density of induced 
charge is Εἶπ. 

3. Show that (8) gives for the field inside a small circular 
cavity in a dielectric the result stated at the end of § 31. 

4, A charge e is placed at a point P outside an uncharged 
conducting sphere of radius a. The distance of P from the 
centre O of the sphere is f. Show that the potential at any point 
whose distance from P is R may be put in the form 


e Σ αἴ 1 
γι: ἘΠ Σ peripar Ῥ᾿ (cos 8). 
Show that this may be transformed to 
Γ calf ΒΡῈ calf 
R alg r 


where R, is the distance from the inverse point of P with respect 
to the sphere. (Charges ea/f at O and —ea/f at the inverse point 
are called the images of P in the sphere: see next chapter.) 

5. Verify that the extra terms in (9) are not needed, i.e. 
A; on A, = . = Β, πα De =,.= ἢ, 

6. A point charge e is placed a small distance c from the 
centre of a spherical cavity of radius a in an infinite dielectric. 
Show that the charge experiences a force approximately equal 

2(K —1) et 

ora κα away from O, 

7. A spherical hole of radius a is cut out of an infinite block of 
uniform conductivity. At large distances the current flow is 
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uniform and in the z direction. Show that the potential function 
3 
is =A (r+) cos@. Deduce that the lines of flow are 


ri—a’ = Cr cosec*#, 

8. Solve the potential equations for a uniformly magnetised 
sphere (cf. § 71). 

9. A sphere of radius a and permeability p» is placed in a 
uniform magnetic field H,. Prove that the field inside the 
sphere is uniform with value 3H,/(+-2). 

10. Verify that the solution in (10) for the potential due to 
a small magnet in a spherical cavity satisfies all the conditions 
(i)-(v) of § 77. 

11, A magnetic particle of moment m is at the centre of a 
spherical hole of radius a cut in an infinite block of matter of 
permeability ». A uniform field H, exists at infinity, and the 
magnetic particle points at an angle a with the direction of H,. 
Show that the field inside the cavity consists of the field due 
to the magnet m together with a constant part whose direction 
makes an angle § with H,, where 
᾿ς 8pa*H, 

RF NS Te i τὸ Ὁ 

12, A small magnet of moment m is at the centre of a spherical 
shell bounded by spheres of radii a and ὃ and filled with material 
of permeability ». Show that outside the shell the field is the 
game as that of a magnet of moment m’, where 


9pb>m = m’{(w+2)(24+1)b§ —2( np —1)*a*}. 


13. A spherical uncharged conductor of radius a is surrounded 
by a dielectric whose outer boundary is a concentric sphere of 
radius ὃ. It is placed in a uniform field Z,. Show that the total 
positive and negative induced on the sphere are 
+9Ka*b*H, /4{(K +2)? +(2K —2)a%, 

14. The point charge 6 at B in Fig. 51 is replaced by a dipole of 
moment m pointing away fromO. Show that the potential outside 
the sphere may be obtained from the solution (11) in the form 


®t m.R ΟΡ (cos 0) , C,P,(cos @) 
$= 18 + r? gi ee de 
wh . % Be 
Ewe On e ab 
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15. A charge 6 is placed at a point C distance c from 0, lying 
between two conducting spheres of radii a and ὃ, whose centres 
are at O. The two spheres are put toearth. Show that between 
the spheres the potential may be expressed in the form 


ὁ Η + S{A,r"4+-B,r-("4D}P, (cos 8), 


where R is the distance from 0, r and @ are measured from O 
and the line OC respectively, and 


é ΟἾπΠΈΙ. 3 =a} —eqi"tl firt+i — cat 
A, , Β., ἐν 


τ Fai peg ont pie aie 


16. A line source 6 is placed at a distance f from the axis of 
an infinite conducting cylinder of radius a, which is kept at zero 
potential. Show, by reasoning similar to that used in § 80, 
that the potential is 


απ 
nf"r" 
where 0 and D are constants. Verify that this may be written 


¢= —2e{ log R + Σ cos n§+C log r+D}, 
n=l 


φ -- —2e{Iog R—log R’ +log 5}, 


where FR’ is the distance from the inverse of the given line source 
in the cylinder. 

17. A total charge Q is spread evenly over the surface of a 
circular disc of radius a, Show that at points on the axis of 
symmetry, a distance x from the disc, the potential is 


9 
6 ais = Ἐν {V(2*+0") —2}. 


Hence show that at any point for which r>a, the potential is 


= 1.3.5... (2n—1) a™ 
ΡΣ ea6.. ee OO 
Find a corresponding expression valid for r<a. 
18. A cylindrical bar magnet of radius ἃ and length 21 is 
uniformly magnetised along its length with intensity M. Show 
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that at a point on the axis a distance z from the centre of the 
magnet 

daris = 2nM{V[a*+(2—l)*]—-y[a*+(x-+1)"] +2)}. 
By expanding in powers of z show that at large distances the 
potential takes the form 


ἢ 2 
¢ = = Pp, (cos 9) + terms of order r=‘, 


Deduce that the magnet behaves like a single particle of moment 
227Ma'l. 

19. Two circular loops of radii a and ὃ are perpendicular to 
the line joining their centres, which are a distance c apart 
(c>a>b). Unit current flows in the coil a whose centre is Ὁ. Use 
(18) to determine the radial component of the field measured 
from O, and by integrating over a suitable spherical surface 
show that the coefficient of mutual induction of the two loops 
(§ 53) is 


| © 2n+1)Bona, fl 
Myy = 20 Σ Tae | Pantal) ἄμ, 


where p = cos 0, ΚΞ = b*+c*, μὸ = c/R, and B,,,4, is the same 
as in (18) with t=1. If R is large show that this gives 


πα | Ἂ 
Μῖ,, = ΓΙ + O(R-*), (Cf. Chapter VI, question 15.) 
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CHAPTER X 
SPECIAL METHODS 


§ 83. Uniqueness 


WE saw in Chapter IX how it was possible to solve the 
potential equation for several special cases. But the whole 
of potential theory would be irrelevant and useless unless 
we could be sure that the function we obtained was unique. 
So we shall now prove that there is only one potential 
function which satisfies all the requisite conditions. The 
proof below applies to electrostatics, but the student will 
have no difficulty in adapting it to suit either current-flow 
or magnetostatic problems. 

Imagine then that we have an electrostatic system con- 
sisting of one set of conductors, each carrying a given total 
charge: another set of conductors each kept at a given 
potential: and a given volume distribution of charge, in the 
presence of given dielectrics. This is the most general type 
of electrostatic problem. We shall show that there cannot 
be more than one potential function ¢ for this system. 

For suppose that there are two potential functions ¢, and 
ᾧ., Which satisfy all the required conditions, According to 
§ 26 these are : 


div (Καὶ grad ¢,) = —4ap = div (K grad ¢,), 
φι and ¢,—>0 at infinity, 
¢, and ¢, are finite except at point charges, 
¢, and ¢, are constant over the surface of each con- 
ductor, and have prescribed values on one set of 
conductors, 
171 
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ἄνω fh hg a ΩΣ: 
K iS dS = [Καὶ On dS, the integration being over each 


of the conductors whose total charge is given. 

Put ¢ =¢,—d¢,. Then in order to prove that ¢, and ¢,y 
are identical, it will be sufficient to show that ᾧ =0. Now 
from the separate equations for ¢, and ᾧς it follows at once 
that 

(i) div (K grad φ) =0, 

(ii) 6—> 0 at infinity, 

(iii) ¢ is finite except at point charges, 

(iv) ¢ = constant on the surface of all conductors, and 
in particular ¢ = Ὁ on any conductor whose potential is 
prescribed, 


(v) | K Ἕ dS τὸ on any conductor whose total charge 
is given. 
Now consider the integral | K grad ¢.grad ¢ dv, taken 


over all space outside the conductors, point charges counting 
as tiny spherical conductors. The integral transforms as 
follows : 


[ K eradg. grad dv— | (aiv( K gradg)—d div(K grad g)} de 
— |X graag.as — 0, from (1). 


This latter integra] is taken over the sphere at infinity, where 
dS is determined by the outward normal, and over all the 
conducting surfaces where dS is determined by the normal 
directed into the surface. On each conductor whose potential 
is fixed, 6 = 0 from (iv), and the integral is zero. Over any of 
the other conductors whose charge is fixed, we can write 


[Ὁ Κ grad g.as -- -φ [x 2 as = 0, from (v). 


| 
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Finally, at infinity ᾧ vanishes at least to order 1/r, so that 
grad ¢ is at least of order 1/r*, Thus the integral over the 
sphere at infinity is also zero, Hence in all cases the integral 
vanishes and it follows that 


Ϊ K (grad ¢)? dv = 0. 


Since K is essentially positive, this means that grad ¢ = 0, 
so that φ; --φς =¢ = constant. Over some of the surfaces, 
and at infinity, 6, =¢,, and so the constant is zero. Hence 
¢, and ¢, are identical, and the potential function is unique. 


§ 84. An application of uniqueness 


One application of this theorem may be given. Suppose 
that with a given system of charges we select two of the 
equipotential surfaces ¢, and ¢, completely surrounding all 
the charge. Let us make them into two conducting surfaces 
connected to the terminals of a battery. The potential 
distribution between these conductors is just the same as 
in the original field, provided that their potentials are kept 
αὖ φι and ¢,. The charges induced on the inner faces of the 

K δῴ ᾿ 
= dS. In particular, if we regard 
the two conductors as forming a condenser, all other charges 
being removed, its capacity is 


1 (kK 
Fas | 


two conductors are + 


§ 85. Images in a plane 


A second very important application of the uniqueness 
theorem is found in the method ofimages. We can illustrate 
this by an example. Consider (Fig. 54) two charges +e 
at A and B in free space. The lines of force go across from 
A to B as shown in the diagram, and the potential at any 
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point is ᾧ = e/r,—e/r,, where r, and rz are the distances from 
A and B respectively. It is quite clear that along the mid- 
plane XY where r; = r,, the potential is zero. In fact we 
may say that 

ᾧ = e/r,—elr, : . ‘ . (2) 


is a potential runction which gives potential zero all over the 
infinite plane XY, tends to infinity like e/r at A, and tends 
to zero at large distances. But these are precisely the 
conditions that must be satisfied by the potential when a 
point charge e is placed at A outside an infinite conducting 


Fie. 55 


plane XY at zero potential (Fig. 55). So by the principle of 
uniqueness we have now solved this latter problem. It 
follows, therefore, that on the right-hand side of XY the 
potential is given by (2). 

We may describe the situation by saying that if a charge 
e is at A outside the infinite conducting plane XY which is 
kept at zero potential, the potential on the right of X Y is just 
the same as if the plane were removed and replaced by a 
charge —e at B. We refer to this as the image charge of 
A in the plane. 

The potential (2) is, of course, only valid on the right of 
XY, and the lines of force which start from A end at XY, 
as shown in Fig. 55. Unless there are some other charges 
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present, the potential is zero everywhere to the left of XY. 
It is important to realise that the charge —e at B has no 
more real existence than an optical image; all that we can 
say is that on the right of XY the system behaves as tf we 
replaced the infinite plane by a charge —e at B. 

If we know the potential we can easily caloulate the field 
and the density of charge at any point of XY. Thus at P 
in Fig. 55, 7 

ἄπο = Bn’ 
and on substituting the appropriate value of ¢ it is soon 
verified that 
_ ae 
“ Q( AP)” 


where a = AO is the shortest distance from A to the plane. 
The induced charge on XY is practically all concentrated 
near O and the density falls off as the inverse cube of AP. 

Also, the force acting on the charge ὁ at A is simply 
the force that would be exerted by the image charge —e at 
B. This is an attraction towards the plane of magnitude 
ε54α5. 

The method of images is readily extended. Thus, let OX 
and OY (Fig. 56) be two semi-infinite 
perpendicular planes at zero potential, γ 
and let a charge - be placed at A. 
The student will easily verify that the | 
image system consists of the original Te a 
charge +e at A, together with —e, —e et! Sn 
and - at B, C, D respectively. In : 
the first quadrant XOY the potential Βα. 56 
at a point P is, again taking K = 1, 

] ] ] 1 
$=0l ap ΒΡ oP * P| pec οὐ 


A similar method may be used if the angle XOY is of the 


σ . Γ Γ * (3) 
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form πίη, where n is an integer. The case in which n is not 
an integer cannot be solved by the method of images (see 
§ 90, question (25) for the corresponding problem in two 
dimensions), and we must have recourse to the technique of 
Chapter IX. 

It is evident that an image system similar to that of 
Figs. 54-56 would exist if the point charge at A was replaced 
by a line charge e parallel to the planes. Thus, corresponding 
to the example of Fig. 55, we should have a line charge e 
parallel to an infinite conducting plane at zero potential. 
The potential on the right of XY would be the same as that 
due to two line charges +e at A and B, so that 


§ 86. Images with spheres and cylinders 


Another important image system is found as follows, 
Consider (Fig. 57) two charges +e and —e’ at A and B. The 
potential due to these by them- 
selves is 

Φ =e/r,—e'/rs, 
where r, and r, denote distances 
from A and B respectively. So 
¢ = 0 on the surface 

r,/r, = ele’ . . (6) 
This surface which is spherical is shown in Fig. 57 with its 
centre at some point O on the line AB. The relation between 
e, e’ and the various distances may be put in a more useful 
form by letting OA =f, and the radius of the sphere be a. 
We leave it as an exercise to the student to verify that (6) 
is equivalent to the following statement—a charge e at a point 
A distance f from the centre of a sphere of radius a, together 
with a charge —ea/f (= e’) at a point B on the line OA such 
that OB = a*/f, give zero potential on the sphere. A and 
B are obviously inverse points with respect to the sphere. 


Iie. 67 
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It follows, just as in § 85, that if a charge +e is placed 
at A outside a conducting sphere connected to earth, then 
the potential outside the sphere is the same as if we replaced 
the sphere by a charge —ea/f at the inverse point B. Thus, 
if r; and r, have the same meaning as in (6), the potential 
outside the sphere is 

ὃ “7 
a ,. «ἃ 


71 Τᾳ 


Inside the sphere the potential is zero. The charge —ealf 
at B is evidently the image charge of e at A. 

Once we know the potential all other quantities are soon 
found. In particular, since tubes of force can only begin 
and end on charges, Fig. 57 shows us that the net number 
of tubes that arrive on the sphere’s surface is simply the 
same as the number that would end on the image charge 
at B in the absence of the sphere. Thus the sphere carries 
a net negative charge —ea/f. 

If, instead of being at zero potential the sphere is given 
a total charge Q, the complete potential will be the super- 
position of (7) and the potential due to an isolated sphere 
carrying charge Q--ea/f. In that case, measuring r from 


the centre O: 
_& if , (Q+ea/f) 

b t fe — le 
In particular, if a charge 6 is placed at a distance f from 
the centre of an uncharged conducting sphere, so that Ὁ = 0 
in the above equation; the potential at outside points is 
the same as that due to the original charge, together with a 
charge —ea/f at the inverse point and a charge +ea/f at 
the centre of the sphere. (Cf. Chapter IX, question 4.) The 
latter two charges are now the images of the first charge. 

A similar system of images can be calculated for the 
two-dimensional case of a line charge parallel to a conducting 
cylinder. We leave this as an exercise for the student. | 

M 
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By combining two or more sets of images, we can similarly 
discuss more complicated problems. ‘Thus, since a dipole 
may be regarded as two large almost coincident charges, its 
image in a plane is a similar dipole and in a sphere it is a 
dipole at the inverse point, whose magnitude and direction 
are soon determined, together with a charge at the inverse 
point (§ 90, question 11). Other examples of images will be 
found in the questions at the end of the chapter. The 
student will recognise that the method of images is often a 
very quick and useful way of short-circuiting a more elaborate 
solution of the potential equation. 


§ 87. Two-dimensional problems, conjugate functions * 


It often happens that the potential problem which we 
have to solve involves only two variables z, y. We have 
already met this situation in the flow of current in a thin 
plate (§ 39) and in the magnetic field round a long straight 
wire (§ 54). We shall devote the rest of this chapter to a 
discussion of such cases, using the powerful method of 
complex variables. 

Our fundamental problem is to seek solutions of Laplace’s 
equation, and then to make them satisfy the relevant boundary 
conditions. In the two-dimensional case that we are 
considering, Laplace’s equation is 


= 2χ3 δῃ3 — * i" 
In order to solve this equation we put z=%-+1y, where 
ὁ --ἰ ν΄ --1. The student must not confuse this complex 
variable z with the third space co-ordinate, which will indeed 
be completely absent till Chapter XI. 


* Before reading further the student should familiarise himself 
with the properties of complex variables and conformal representation, 
as e.g. Phillips, Complex Variable, Oliver and Boyd Ltd. Readers 
not familiar with these subjects should omit the rest of the chapter, 
which will not be needed in the remainder of this book. 


vig = ee =o . 6) 
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Now consider any function of z, which we write 
w = f(z) =f(x-+iy) = d(x, y)+ip(z, y), . (10) 


so that ¢ and ᾧ are the real and imaginary parts of f(z). 
Clearly by simple partial differentiation of w = [{5- τω) 


Separating the real and imaginary parts 
V¥=0,V72=0 . . + (11) 


Hence ¢ and ψ, as defined by (10), are each possible potential 
functions satisfying (9). Their close relationship in (10) 
suggests that we call them conjugate functions. By 
partial differentiation of (10) we have 


ὅν, τε {0} τε το, 


Equating the real and imaginary parts, we obtain the 
Cauchy relations: 


op pee τ = real part of f’(z), 


ox 
ὃ ad 
Ἵ anata imaginary part of f'(z) . . (12) 


These two statements may be summed up in the one state- 
ment that if s, and s, are perpendicular 
directions related in the anti-clockwise 


fashion of Fig. 58, then mh 
oa δῈ (13) 


06, 084 Fic. 58 
In particular, if s, is taken along a contour 
¢ = constant, δῴ 88, = 0, so that 0/08, = 0, showing that 
ys is constant along the 8, direction, Now for different values 
of the constant, 4(z, y) = constant represents a whole family 
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of curves. Thus d(x, y) = constant, and x(x, y) = constant, 
are two families of curves which cut orthogonally, 

It is usual to regard ¢ as the potential function, and then 
ψ is called the stream function, though we could of course 
interchange ᾧ and ¥.* The contours ¢ = constant are 
equipotentials, so that % = constant must be the equation 
of the lines of force. In hydrodynamics ᾧ = constant 
represents the lines of flow, and this accounts for % being 
called the stream function. 

An example will illustrate what we have been saying. 
Let us take f(z) = σῇ, so that (10) becomes 


w= 2 = 2*—7*+-Dizy. 
ie. φίσ, y) = αἰ --ἶῦ, (x, y) = 2ay. 
We see that ¢ = 0 on the two perpendicular lines y = +2; 
the other equipotentials are the rectangular hyperbole 
x*—y* = constant, shown in Fig. 59. 
The lines of force are the orthogonal 
hyperbole zy = constant, shown dotted 
in thediagram. This potential function 
would solve the problem of a condenser 
formed by two conductors, one of which 
is the planes y = -+-2, and the other is 
any member (e.g, PQRS) of the family 
of hyperbole z*—y? = constant. 
It is not difficult to calculate the 
. charge distribution in such a problem. 
Fic. 59 For if o is the density of charge at a 
point Q, ἀπο = —ép/On where δίϑη 
denotes differentiation along the normal from right to left. 
According to (13) this is 


OT a ee . (14) 


where 0/és denotes differentiation along the conductor from 


* Some writers do interchan d », and then tl it 
iMciapaan ke eee 
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R to Q. Hence the total charge between Q and FR per unit 
thickness perpendicular to the zy plane is g, where 
1 | 
z= ds — — — ιυ . . 15 
g= [ods = δ ψο-ψὴ (15 


This gives us a ready means of calculating capacities. 
We can also calculate the field E, since, from (12) 


E, = —0¢/éx = — real part of f'(z), 
E, = —é/ey = imaginary part of f(z) . (16) 


From this it follows that 
| dw 
B= ol =| 


and the direction that E makes with the x axis is 


Mow =e 


— arg f(z) Ξξ π -- arg τ ; . (18) 


These last two equations suggest that it is often easier to 
work directly in terms of w rather than in terms of ¢ and ¥. 
This is indeed the case, as can be seen from the following 
special cases. 

(a) Line charge e at the origin.—We have already seen 
(Chapter II, question (15), and Chapter [X) that the potential 
¢ for a line charge e at the origin is ᾧ = —2e log r. This 
is obviously the real part of the function —2e log z, so that 


d = —2e log r, fp = —2e 0, w = —2e log z . (19) 


If the line charge is at the point z), then by a simple change of 
origin 
w = —2e log (z—z)) . . (20) 


(b) Line electrode of strength I—For a line electrode in a 
medium of conductivity o from which a current J* per unit 


* In this chapter we must uso J, rather than i, to denote the total 
current flowing along a wire or leaving an electrode, for though 7 is 
often used to denote ν΄ —] in electrical current problems such as those 
of Chapter XII, the notation «=2-+1iy is firmly established in 
mathematical tradition. 
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thickness is flowing, it follows from (20) and § 38 that 


I 
v= — fo log (2 --- 29) . ᾿ ° (21) 


(c) Line doublet m at the origin.—If the doublet is in the 
x direction, then by regarding it as the superposition of two 
large adjacent line ty it can be seen that 
2Qmy 2m 


d= — = is cea - . (22) 
If the doublet is in the y direction 
2my Qmzx 2im 
φ-Ξ- τ o=—,wm— 2s (5) 
If the doublet makes an angle a with the z axis, 
2me'* 
w= : Π 8 ry . - (24) 


and if it is at the point z = z), then 
2me' 
v= ᾿ ι ΓΙ " - (28) 
Z— hq 


(4) Magnetic field of uniform current I in a straight 
wire.—We have seen in ὃ 51, equation (20) that if the current 
flows through the origin perpendicular to the zy plane, then 
the magnetostatic potential is —2J@. This is the real part 
of 2.1 log z, so that 


@ = --2θ, ψ = 2 logr,w=2lIlogz . (26) 
If the current flows through the point zp, 
w= XT log (z—Zp) . . " (27) 


(e) Uniform field E,—With a uniform field 2, in the 
direction Ox 


¢ = —Eyw, ψ = —Ly, w = —Ey . (28) 
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With a field 2, in the direction Oy, 
¢= —Ey, $= +H, τε iE . . (29) 
and if the field makes an angle a with the z axis, 
w = -- ez : . . (30) 


Other cases will doubtless occur to the reader, but by 
suitable combinations of (19)-(30) it is possible to solve 
many problems of this nature. We give one example. 

A line source e is at the point z, above the infinite plane 
y = 0, which is kept at zero potential. By the method of 
images (see (5)) we know that the potential is the same as 
that due to a line charge e at z, and a line charge —e at the 
image point. This is the complex conjugate %. Hence 
from (5) and (20), 

w = —2e log (z—z))+2e log (z—z,) 


= —2¢ log — τ ον : 


-ὦ 


From this it is easy to calculate the field and charge 
distribution. 


§ 88. Conformal representation 


The method of complex variable can sometimes be used 
very effectively in transforming one problem into another, 
which can then be solved. To do this we consider the 
transformation 

{ wm fiz), . : : . (82) 


which transforms a point z = z-+-iy in the z-plane into a 
point = ξ- Εἴη in the ¢-plane.* We describe this as 
“ mapping ” the z-plane on to the {-plane. Since df = f"(z) dz, 
it follows that 

[4ξ| = {[{{2}} |d2|, arg ἀξ = arg f'(z)+arg dz. 


* See e.g. Phillips, Complex Variable, Chapter II, 
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Thus in the immediate neighbourhood of z =z, where 
ζ = ¢, =f (2), all distances in the {-plane are |f'(z,)| times 
as large as the corresponding distances in the z-plane, and 
small arcs are turned through an angle arg f‘(z). Any 
small element of area in the z-plane becomes an element of 
area in the {-plane having the same shape as before but 
whose dimensions are each |f'(z))| as great, and which is 
turned through an angle arg f’(z,). For this reason the 
process is described as conformal representation. 

The importance of the transformation ζ = f(z) is that if 
we have any function ¢(z, y) which in terms of ξ and ἢ may 
be written ©(£,) then 


ep ah ep Hp 
Se oe ele A ek Se 
where M, which is called the modulus of the transformation, 
is defined by 
al dz 
1 / Fs al ° ; . (34) 
Thus if ¢ is a potential function in xy space, so that Vd = 0, 


th PD PD a . τρίς 

en 88: ++ Oni — so that © is a potential function in £7 
space. In other words, potential functions transform into 
potential functions. Also, any curve or boundary along 
which ¢ is constant becomes a new curve or boundary along 
which @ is constant. 

This type of transformation is particularly useful because, 
if there is a line charge e at a point z), then in the transformed 
problem there is an equal line charge e at the related point 
ζω where {, = f(z). For in the neighbourhood of z, and ἴω, 


D(En) = φία, y) = —2e log |z—z,|++terms finite at z = zp, 
i —ba| +torms finite at [=Ly, 
= —2e log |¢—{,|-+terms finite at { = . 


= —2e log 
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This result indicates that the potential corresponds to a line 
charge 6 in the ¢-plane at the transformed point ζρ. 

We can combine together the results of this paragraph by 
saying that the potential function for given boundaries and 
charges in the z-plane is precisely equivalent to the potential 
function for the transformed boundaries and charges in the 
t-plane. If we can solve this latter problem, then by 
transforming back to the z-plane we are able to solve the 
original problem. The only difficulties that may arise are 
connected with the zeros of M and 1/M. If points z occur 
in the region of interest for which M =0 or M = infinity, 
it will be necessary to investigate more closely the nature of 
the transformation near these points. It is often possible to 
avoid such singularities and we shall not discuss them further. 

In more complicated problems it is sometimes an advantage 
to apply two or more conformal transformations successively. 
In this way we can simplify the problem stage by stage until 
it can finally be solved. 


§ 89. Two worked examples 


We conclude this chapter with two worked examples. 
Consider first (Fig. 60a) the problem of a line charge e at 
a point P where z = 2, placed parallel to two infinite planes 


P'(S,) 
R οἷ x 
6S) 


-plane δ) ¢-plan 
(a) 2-plane ne (Ὁ) {-plane 


OX, OR. The planes, which are kept at zero potential, make 
an angle πίη with each other. Our analysis applies equally 
well for all values of n, so that it completes the discussion of 
this problem that could be given by the method of images, 
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as in ὃ 85, where it was necessary to suppose that m was an 
integer. 

Take O as origin and apply the transformation ζ = 2", 
using dashes to denote the transformed points. This trans. 
formation maps the space between OX and OR into the 
whole space above the axis R’O’X’ in the ¢-plane (Fig. 608). 
The line charge e at P transforms to an equal line charge at 
P’ given by {, =z,". The new problem is therefore that 
of a line charge e placed above an infinite plane at zero 
potential. This has already been solved in (5) by the method 
of images, and 

Φίξ,η) = —2¢ log |£—{,|+-2¢ log [ζ---ζο!. 


Putting this back in terms of the z-plane, we see that the 
potential required for our original problem is 


φία, y) = —26e log |z"—29"|-+26 log |z"—Z,"}. 
In terms of the w-function (§ 87), 

gh — 25" 
2" —2," 


w= —2e log 


Our second example is the current distribution in a thin 
sheet (see Fig. 61a) of infinite length bounded by the lines 
AB, CD for which y = +5, when a current I per unit 
thickness of sheet enters at P(z =a, y = 0) and leaves at 
Q(z = —a,y=0). In the z-plane we have to find a potential 
function ¢ such that 

¢—infinity like —2J log |z—a| at z =a, 
¢->infinity like —2J log |z+a| at z = —a, 
od 7 
- eae = Ἐπ for all 2. 
The transformation ¢ = e* is suited to this problem: for it 
gives 


E=e cosy, n=e*siny, . - (86) 
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and the student will be able to verify that in passing from 
the z-plane to the {-plane (Fig. 616) 

(i) the line AB becomes A'’B’, in which ἔ = 0, —co<7<0, 
(ii) the line CD becomes C’D’, in which = 0, O<y< +0, 
(iii) P and Q become P’ and Q’ where Cp: = e*, Cg = e7*, 
(iv) the region between AB and CD becomes the half-plane 


£>0. 
p 
ς ρ 
Ε Ο᾽ -} ὌΝ 
ee ee | 
Pee 1! ; 
B 
(a) z-plane (6) ¢-plane 
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Thus the corresponding problem that we must solve in the 
{-plane is that of a current 1 entering at P’ and leaving at 
Q’, with δῷ δὴ = 0 on the contour B’D' where ¢ = 0. We 
solve this by the method of images. The potential function 
in the relevant part of the ¢-plane is the same as that due 
to +I at P’, —I at Q’, together with image sources of current 
Ι at { = —e*, and —I at £ = —e~*; these last two points 
are the mirror images of P’ and Q’ in the line § =0. So 
the potential function (see (21)) is 


w=—5— flog (Le) tog (f-+¢") —log (L—e-*) —log (f-+e-*)} 
I f2¢% 
=~" (eas): 


In terms of the z-plane co-ordinates, the solution of our 
original problem is given by 
e2?—»e4 


] 
7 —- —— ee a ΓῚ ΓῚ 37 


In this way the flow of current is completely determined. 
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Since in the neighbourhood of the two points z = -La, the 
equipotentials are small circles, this potential function also 
solves the problem when the electrodes at P and Q are small 
circles instead of mathematical points. 


§ 90. Examples 


1. Show that the result of the uniqueness theorem in § 83 is 
unaffected by any sudden discontinuities in the dielectric 
constant. 

2. A given series of electrodes are maintained at given 
potentials. Prove that the potential function is unique. 

3. Show that the analysis of § 83 applies equally well with 
regard to the magnetostatic potential arising from a given set 
of permanent magnets. 

4. § is a closed equipotential surface completely surrounding 
a system of charges whose algebraic sum is Ὁ. The potential 
of S is V. Show that if the surface § is regarded as one plate 
of a condenser, of which infinity is the other, the capacity is 
Q/V. If, and S, are two such surfaces at potentials V, and V,, 
show that the capacity of the condenser formed by S, and S, 
is Q/(V,;—V,). 

5. The space between two equipotential surfaces ¢, and ¢, 
which completely surround a system of electrostatic charges in 
vacuum is filled with a medium of constant dielectric constant K. 
Show that at all points inside the inner surface ¢, the potential 
is increased by {(K—1)/K}(¢,—¢,). 

§. Show that if the angle XOY in Fig. 56 is made equal to 
πίη, where n is an integer, the number of charges in the image 
system of a charge at A inside XOY, is 2n. Show also that 
unless n is an integer the method of images breaks down. 

7. A line charge e is placed at a distance a from an infinite 
conducting plane at zero potential. Show that at a point P on 
the plane the density of induced charge is —ea/zr*, where r is 
the shortest distance from P to the line charge. 

8. Two equal charges e are placed a distance a apart, and 
each of them is a/2 from an infinite conducting plane at zero 
potential. Prove that the force between the charges is 3e*/2a?, 
If the sign of one of the charges is reversed, why is the force not 
simply reversed also ? 
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. The charge 6. at A in Fig 57 is taken further away from 
sp esis ht and simultaneously increased in size in 
such a way that as f>-00, e,/f*->H,. Deduce that if an uncharged 
conducting sphere of radius a is placed in a uniform field Eo» με 
image of the field is a doublet at the centre of magnitude Hya*. 
This is the result of § 75. 

10. A point charge 6 is placed inside a spherical cavity of 
radius a cut out of a conducting block of metal at zero potential. 
If the distance of the charge from the centre of the cavity is f, 
show that the force on it is e*af/(a*—/*)’. 

11. An electric dipole of moment m is at a distance f from 
the centre of a conducting sphere of radius a kept at zero 
potential. The dipole points away from the sphere. Prove that 
the image is a dipole of moment ma*/f* and a charge ma/f* at the 
inverse point. 
ab 12. ie electric dipole of moment m is held at a distance a 
from an infinite conducting plane at zero potential. Show that 
the image is an equal dipole. If the original dipole makes an 
angle @ with the normal to the plane, show that the mutual 


3 " "“᾿ιτ. # 
potential energy is — =; (1-+¢03" 9). Deduce that if it is free to 


turn about its centre, it will take up a position perpendicular to 
the plane, and the period of small oscillations about this direction 
is 4714/(2a°A)/m, where A is the moment of inertia. 
13. Combine the formule of §§ 85, 86 to solve the following 
problem. An infinite conducting plane with a hemispherical 
boss of radius a is kept at zero potential, and a charge e is placed 
on the axis of symmetry, a distance f from the plate. Show 
that the image consists of three charges, and that the original 
charge is attracted towards the plate with a force 
4533 aa 
at ἣν 
(fay Ὁ" 
: 44: ines of force 
Show further, by the methods of 811 that the lines Oo 
which reach the plate at its junction with the hemisphere leave 
-_ 2(f?—a@ ) ΒΟΥ Ἶ " f 
the charge e at an angle cos 1 - HS with the axis o 
, 5 ἢ 5 i Γ - 
Bi he whole of space for which z>0 is filled with a dielectric 
of uniform dielectric constant K, and the rest is vacuum. P 
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is the point (—a, 0, 0) and P’ is the point (α, 0, 0). A charge e 
is placed at P. Show that in the vacuum the potential is the 
same as that due to a charge e at P and e’ at P’, and in the 
dielectric it is the same as that due to a charge e” at P, where 


Sp Os 


Use the fact that the pull on the dielectric is equal and opposite 
to the pull on the charge 6 to show that the dielectric is attracted 

| ; K—1 εἰ Σ Ne es 
towards the charge with a force Kal 4a® Explain this in 
terms of tensions in the tubes of force. 

15. Show that the result in question (14) may be used to 
determine the image system when a small permanent magnet is 
held some distance away from an infinite block of material of 
permeability μ. 

16. Show how to find the image system for a line charge 
parallel (i) to an infinite dielectric medium, and (ii) to an un- 
charged conducting cylinder at zero potential. By removing 
the line charge to infinity in (ii) show how to find the potential 
for a conducting cylinder in a uniform field perpendicular to its 
axis. 
17. A current ὁ flows in a straight wire parallel to a circular 
eylinder of permeability ». Show that inside the cylinder the 
magnetic induction is 2,/(-+-1) times as big as it would be if 
the cylinder were removed, and is everywhere in the same 
direction, Deduce that if the cylinder is placed in any given 
two-dimensional field, the induction inside it is unaffected in 
direction, but is multiplied by a factor 2y/(-+-1) in magnitude, 

18. A uniform current ¢ flows in a straight wire parallel to a 
semi-infinite block of material of permeability ». Show that 
the potential is given by an image system similar to that in 
question (14). 

19. A telegraph wire is of radius a and its height above the 
earth is kh. Prove by means of (δ) that the capacity per unit 
length is {2 log 2h/a} —. 

20. A charge e is placed a distance f from the centre of an 
insulated conducting sphere of radius a. Show that the least 
positive charge which must be given to the sphere so that the 
surface density is everywhere positive, is ea{( f+a)/( f—a)*—1/f}. 
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21. A and B are the pointsz = +a. Show that the function 
w = log ΣΤ gives equipotential surfaces r,/r, = constant, where 
2 Ta 
τι and τ are distances from A and B. Deduce that the capacity 
O per unit length between two parallel cylinders of radius # a 
distance 2D apart, is given by 
1/C = 4 log ({D+4/(D*—R")}/R) = 4 cosh~(D/R). 


22. A line charge 6 is at a distance ἢ from an infinite conducting 
plane at zero potential. Show that one half of the charge induced 
on the plane lies within 4/2h from the line charge. 

23. Show that the capacity per unit thickness of a two- 
dimensional condenser in which the plates are at potentials 
V, and V, is [¥]/40(V,—V.,) where [/] denotes the increment 
in ψ in going once completely round one of the plates. 


2 
24. Show thatw = —Z, (z -- τ gives the potential distribu- 


tion for a conducting cylinder of radius a at zero potential in 8 
uniform field Hy. (Cf. Chapter IX, question 2.) Interpret the 
expression for w in terms of images. 

25. Show that τὸ = iAz" (n not necessarily integral) gives the 
potential distribution for two intersecting planes OX, OR making 
an angle πίη, if both are at zero potential. Prove that with this 
potential function, ᾧ = —Ar" sin’n@. Find the equations of the 
lines of force, and deduce from (14) that the charge density at 
any point on the planes is nAr"-1/4m. Draw diagrams for n = 2 
and n = %, and notice the bunching of tubes of force near the 
tip in the one case, and the absence in the other. This bunching 
explains why a lightning conductor is given a pointed tip. 

26. ABCD is the region bounded on two sides AB, CD by 
the parabolas y? = 4b(b—z), y* = 4c(c—z), and on the other 
two sides AD, BC by the 2 axis and the parabola y* = 4a(%--a). 
Show that the transformation £ =z? maps ABCD on to a 
rectangle in the {-plane. Hence prove that if AB and CD are 
taken as electrodes, and if the strip is of uniform thickness ἐ, its 
resistance is (bt —c?) /ctat. 

27, Show that the total current leaving an electrode per unit 
thickness of material is o[/], where [Ψ] denotes the change in ¢ 
on going round the boundary of the electrode in a clockwise 
direction. 
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28. A thin strip of metal of thickness ¢ lies in the ay plane, 
and is bounded by the lines y = -+ τ' Equal currents J enter and 


leave by small circular electrodes of radius ὃ at the points 


(+a, 0). Show that the potential function w is 
Ι 635 .--- οἰα my: 
ἈΞ Bree log a Fey 


Deduce that the resistance is — = log (δ cosech 2a). 


29. Show that if mn is an integer, (35) may be interpreted as 
showing that if two planes at zero potential intersect at an angle 
a/n, the image system of a line charge 6 between them consists 
of n—1 line charges +e, and n line charges —e. 

30. If the strip in Fig. 6la is of width 26, show that the 
transformation (36) needs to be replaced by { = e”*/*, and that 


| , I, (a 
0 ono ΒΘ Neral 6 παρ }" 


31. A condenser is formed by taking OX, OR (Fig. 60a) as one 
plate, and a small circular cylinder with centre P and radius 6 as 
the other. Show that its capacity per unit length perpendicular to 


the zy plane is =1/ 210g {Ξ cosec na}, where z = γεΐα, 


32. What happens if you use the transformation ζ = z*" in 
§ 89, Fig. 60a, instead of ζ = 2"? 

33. Show that in the transformation ζ =/(z) a line doublet 
of moment m at z,, making an angle a with the z axis, transforms 
into a line doublet of moment m|f’(z9)| at % = f(z), making 
an angle a-+-arg 712) with the ¢ axis. Deduce that if the 
original doublet lies between the two planes of Fig. 60a, which 
are kept at zero potential, 

n-1/¢ ei e~i0 
a see 


w = 2mn z, 


where θ = a+(n—1) arg Zp. 


OHAPTER XI 
INDUCTION 


§ 91. Electromagnetic induction 


In 1831 Michael Faraday, and independently at about the 
same time, Henry, discovered that if a closed circuit moved 
across a magnetic field, a current flowed even though there 
were no batteries present. The same effect resulted from 
varying the magnetic field and keeping the loop of wire still. 
In either case the current lasted only so long as the circuit was 
moving, or the field changing. It made no difference whether 
the magnetic field was caused by a permanent magnet or an 
electrical circuit. To this phenomenon Faraday gave the 
name electromagnetic induction. In a series of brilliant 
experiments he showed that the induced current flowed 
whenever the number of tubes of induction N through the 
circuit was altered, and that the magnitude of the effect 
depended only on the rate of change of δ΄. It was natural 
that Faraday, having abandoned the idea of action-at-a- 
distance, should regard this effect as transmitted by means 
of the tubes of magnetic induction B. 

We may summarise the experiments by two laws :— 

(a) if the number N of tubes of induction threading a 
circuit is changed in any way, there is an electromotive force 
(e.m.f.) of magnitude dN /dt created in the circuit ; 

(b) this e.m.f. acts in such a way as to oppose the change 
in N. That is, it acts to cause currents in the coil whose 
magnetic effect would counteract the external change. 

The first of these is known as Neumann’s law; the 
second as Lenz’s law. Provided that the e.m.f. and Ν 
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are both in 6.m.u. or both in e.s.u., we can combine them in 
the one law 
ἀν 


emf. Ξε. — ae . . . . (1) 


Lenz’s law is merely a particular case of a very general 
physical principle, known as Le Chatelier’s Principle, 
which states that a physical system always reacts to oppose 
any change that is imposed from outside. In this case the 
change is an alteration in NV; the reaction is an induced 
e.m.f., or back e.m.f., which should oppose the change of Ν. 


§ 92. Proof of induction law for a stationary circuit 


Faraday obtained his results by experiment. But we can 
prove (1) by using laws with which we are already familiar. 
Thus let us first consider a single stationary isolated circuit 
with a battery of e.m.f. € carrying current t, with a resistance 
R and self-induction L. Then according to (38) of § 64 there 
is an amount of magnetic energy 4/4? stored in the medium. 
This means that if we increase the flux through the circuit 
by changing 7 we have also to increase the magnetic energy, 
and hence that more work has to be done by the batteries. 
In more precise language the battery provides energy at a 
rate δὲ; Joule heat loss wastes energy at a rate Ri*; and 


we increase the energy in the medium at a rate ᾿ (1.13. 


Thus by the conservation of energy. 
ξὶ = Εἰ +5 Φ (μὴ 
So ἔξ = Ri -L L “=. ὰ . ϑ . (2) 


During any period when the current is not changing 
E = Ri. 
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If we write (2) in the form 
di | 
E—L dt = Ri, * ® ® . (3) 


we can interpret it by saying that the change in eurrent 
gives an effective back e.m.f. of magnitude LS, and Ohm’s 


law is still obeyed provided that we regard the effective 
e.m.f. in the circuit as the sum of the battery e.m.f. δ and the 


induced back e.m.f. —Z ἐν Since the flux of B across the 


cireuit is N = Ji, the back e.m.f. may be written i, 


as in (1). 

If this back e.m.f. is solely due to the change in N, it cannot 
make any difference how this change is brought about. Thus, 
if we move a permanent magnet in the neighbourhood of the 
coil there will be an additional change in N, and this will 
make its appropriate contribution to the induced e.m.f. 
This explains why Faraday was able to obtain a flow of current 
in the original coil when a permanent magnet was dropped 
through it. But we could also induce an e.m_f, in the original 
coil by varying the current in some nearby coil, making use 
of the fact (§ 60) that when current i, flows in the second coil 
a flux N = M,,i. crosses the first coil; in fact, an analysis 
exactly similar to that leading to (3) shows that if i ig varies, 


the back e.m.f. in the first coil is - = —M,.—. We 
shall return to this again in § 96. 


§ 93. Proof of induction law for a moving circuit 


A simple consideration of the conservation of energy shows 
that since magnetic effects are transmitted by the tubes of 
force, it cannot make any difference whether we move the 
lines of B across the circuit, or move the circuit across the 
lines of B, The theorem must therefore hold for a moving 
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circuit as well as a stationary one. However, it is instructive 
to give an independent proof for the case of a moving circuit, 
when the field in which it moves does not vary with the time. 
Consider, therefore, an element PQ (Fig. 62) represented by 
ds, which has velocity v,. In time dt 
it will move a distance v,dt to P’Q’. 
Suppose also that the velocity of the 
electrons relative to the wire is v,. If 
no current is flowing v. = 0, but when 
current does flow the actual velocity of 
the electrons relative to the field is 
v=v,+v,. Thus, from (30) in § 62, 
the magnetic field exerts on each 


εἰν, Ἔν) XB. 


electron a force 


The component of this along PQ is e{(v,+-v,) x B}-t, where 
t is a unit vector in the direction PQ. Now t and v, are 
parallel vectors, so that (v,xB).t =0, and the component 
force along PQ is the triple product e[v,, B, t].* This means 
that in addition to any forces due to possible batteries, there 
is an extra electric field induced in the wire, whose component 
along the wire is [v,, B, t]. The corresponding difference of 
potential between P and Q is 


Vp—Vo = [v;, Β, 1] ds. 


Now t ds = ds, so that 
Vp—Vaq = Iv, B, ds]. 


We have therefore shown that if a small piece of wire is moved 
in a magnetic field, there is a difference of potential between 
its ends. We can reduce this to the fundamental law of 
induction by putting 


[v,, B, ds] = —[v,, ds, B] = - ἢ, (vidi x ds).B 


* Rutherford, Vector Methods, 1946, p. 8. 
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Now v,dtxds is the vector area PP’Q’Q, so that. 
(v,dtx ds). B represents the flux of B across this area. Thus 
ΝΕ ΆΒΟΝΣ,.. 


7’ . : : . (4) 


where dN is the number of tubes of B crossing into PP’Q'Q. 
Thus the induced e.m.f. in a small element PQ is equal to 
minus the rate at which PQ cuts across the tubes of B. By 
adding together the induced e.m.f. for each element of the 
circuit, it follows that the total induced e.m.f. in a closed 
circuit is — =. where Ν᾽ now stands for the number of tubes 
of induction threading the circuit. 

The above proof is interesting since it shows just how the 
induced e.m.f. is distributed over the circuit. It is not 
concentrated like a battery, but each moving element of the 
circuit contributes according to (4). 

The nature of the proof also shows that it is quite irrelevant 
by what means N is changed. This may be done by moving 
a permanent magnet, or changing the current in some other 
nearby coil, or moving the original circuit, or by combining all 
three. In each case if E is the field at any point of the wire, 
and Evattery is the e.m.f. of any batteries that may be present, 
then the effective e.m.f. in the circuit is 


N 
| E,ds = Evattery — = . * - (5) 


§ 94. A simple dynamo 

This simple law of induction is the basis on which all 
dynamos, or machines for creating an e.mf., are based, 
Consider, for example, an almost closed circular loop of wire 
PQ of area A (Fig. 63) which can rotate in air about an axis 
XY: and let us suppose that there is a constant magnetic 
field H perpendicular to the plane of the paper. Then when 
the normal to the loop makes an angle @ with the field, the 
flux N= AH cos @, so that the e.mf. induced between 
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P and Q when the coil is rotating with angular velocity p, is 
dN d 
sa te 7 (AH cos#)=AHpsin@ . (6) 
If P and Q were joined together, completing the circuit, this 
e.m.f. would cause a current to flow round the wire. But 
if by some device such as brushes, or sliding 
contacts on the axle XY, we connect PQ to 
the terminals of an outside circuit, this e.m.f. 
may be used to create a current in that 
circuit. On account of the sin @ term in (6) 
the e.mf. is alternating, with frequency p/27. 
A direct e.m.f. may be obtained by a com- 
mutator which interchanges the roles of P 
Fie. 63 and Q in the outside circuit at every half- 
revolution. The e.m.f. thus obtained still 
fluctuates between Ὁ and AHp, and commercial dynamos 
therefore have a large number of similar coils, each slightly 
displaced relative to its neighbours, so that their phases are 
staggered. In this way the fluctuations are smoothed out, 
and the resulting combination may be made almost steady. 
If the air within the coil is replaced by a medium of perme- 
ability μ, the flux of B is increased by a factor p so that the 


e.m.f, is 
E=pAHpsinéd . : . 7 


To obtain this effect the coils PQ are wound on an armature 
or core of soft iron. The field H may be obtained from a 
permanent magnet, but more frequently it is caused by an 
electromagnet, the coils of which are known as field coils, 
since they provide the field in which the armature rotates. 


§ 95. Induction in a single circuit 


Let us apply the law of induction (1) to a single circuit, 
Consider, for example, the circuit shown in Fig. 64, in which 
the resistance is #, the self-induction is Z and the 6.1, 
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of the battery is ὃ. According to (5), when the current is ἢ, 
di yer 

the effective forward emf. is €—L = so that Ohm’s law 


gives the differential equation for + :— 


Fig. 64 Fia. 65 Fie. 66 


ELS = πὶ Hint ces ἐνὶ 48) 


If we suppose that at ¢ = 0 the circuit is closed by a switch 
so that at this instant i = 0 also, the solution of (8) is 


im E ently | a ϑακοδν Ὁ 


Thus the current builds up to its maximum value δ 
according to the graph shown in Fig. 65. If we write 7 = ΓΚ, 
imax = €/R, then 

i =tmax(l—et™) «yj . Ξ . (10) 


τ is called the time constant of the circuit. ay 
Another important circuit is shown in Fig. 66. This is 
similar to that of Fig. 64 except for the addition of a condenser 
of capacity C. At time ἐ, let ¢ be the current and let +Q 
be the charges on the plates of the condenser. The drop in 
potential across the condenser is Q/C. Hence the net forward 
e.m.f, is now 


di Q 
care 
So the differential equation for the current is 
di Q ’ 
= ete * - - 11 
E—L ᾿ Ὁ hi (11) 
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L, R and C are constants; but Q changes on account of the 
current. In fact, since the current is measured by the rate of 
flow of charge along the wire, 


oF 4 
ai ΞΞῚ . . 5 * (12) 
Combining (11) and (12) we get 
αὶ at ἀξ 
bat®ato=z ° . (13) 


Two special cases of (13) are worth discussing in more 
detail :— 7 
(a) Free oscillations.—In the first we put € = 0, so that 
we are concerned only with the free oscillations of charge 
within the circuit. Equation (13) becomes 
di di i 
Latkot+G=o - . . (14) 


and provided that R?<4L/C the solution is 
t = Ae~*i2L coos (ni+e) . , . (15) 
A and ¢ are arbitrary constants depending only on the initial 
conditions, and 
πη = cB! (16) 
Thus there are oscillations of period 27/n, but the amplitude 
decays exponentially with the time according to the law 
Ae-Mti2L, Tf we can neglect the last term in (16), ie. if the 
resistance is small, we obtain Thomson’s formula for the 
period 7’ of free oscillations, 
T = 2n4/(L0) , : . (17) 
(Ὁ) Forced oscillations—In our second case we suppose 
that € = €, cos pt. Thus the applied e.m.f. is an alternating 
one of frequency p/27. (13) becomes 
ai di 


) 
Lip tR®ato=—Peosingt . . (8) 
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The solution of (18) involves the sum of two parts—the 
Complementary Function and Particular Integral.* The 
Complementary Function is simply (15) and represents free 
oscillations, or transients, that die away with the time. 
But the Particular Integral, which alone is important for 
sufficiently large t, is 


i= (E,/Z) cos (pt—8), 
where 
2 = R+( nes =) tan S = (»»-- =) | R. . (19) 
pe ge 
This alternating current has the same frequency as the 
applied e.m.f. €, sin pt, and its amplitude €,/Z is independent 
of the time. It is, however, out of phase with the e.mf. 
We call this a forced oscillation. If all the other quantities 
remain constant, the amplitude of the forced oscillations has 
its greatest value when 
p=1/LC . , ‘ . (20) 


This is known as the resonance frequency of the circuit. 
We make use of this frequency when tuning the aerial 
circuit of a wireless receiver. 


§ 96. Two circuits—the transformer 


Suppose that we have two coils with self-inductances 

L,, I, and mutual inductance M, 

i . which form parts of two circuits 

cf abe Te as in Fig. 67. On account of the 

: ς * mutual induction we describe these 
Ry Ry circuits as inductively coupled. 

Fre. 67 Let i,,4, be the currents in the 

two circuits. Then the flux of B 

through the first coil is Z,t,+Mi,. Whent, and ἐς change 


* See e.g. Ince, Differential Equations, Chapter V. 
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ΝΣ : di, dig | 
this gives rise to a back e.m.f. D, ἘΝ +M ai Consequently 
the net forward e.m.f. in this circuit is 
di di 
δ᾽. -ἃ 1 = ἘΣ πὰ 
and Ohm’s law now gives the differential equation 
di di ‘ 
Similarly from the other circuit 
di di ~ 
E,—L, ey “Δ = = Ryt, . . (22) 


Corresponding equations are soon written down in a similar 
way for any number of linked circuits. They are easily 
solved if €&,, E, ... are known and the initial conditions 
are stated. 

There is one particular case of (21) and (22) which is of 
especial interest. Let us suppose that €, is an alternating 
e.m.f., and both €, and R, are zero. This means that the 
current in the second circuit is solely due to the e.m.f. in 
the first. We shall see that so far as the second circuit is 
concerned, the effect of the mutual inductance is to provide 
an e.m.f. of a different numerical value from the original e.m.f. 
in the first circuit. 

In practice the two coils L, and L, may be supposed to 
consist of n, and n, turns of wire respectively wound close 
together on the same iron core, and are such that when 
unit current flows in any one of these turns a flux of B equal 
to B, crosses this particular turn of wire. If the coils are 
wound closely, this flux will cross all the other turns in 
both coils. Thus unit current in the coil L, produces a total 
flux n,B,, and this flux threads each of the n, turns of the 
first coil, and each of the n, turns of the second. Hence, 
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from the definitions of L and M (see ἃ 55, question (14), for 
further discussion of this result) 


L, = n,°Bo, M = nn_By, Ly = ny? Bo . (23) 


It follows that 
Dy, D, == ΜΠ Ρ " ‘ . . (34) 


This relation, sometimes called the transformer condition, 
will not be quite completely satisfied in practice on account 
of leakage of lines of B; but if we assume that it is satisfied 
and put €, = R, = 0, we can eliminate ¢, from (21) and (22) 
and obtain 

EL,=—-MRgw, ε ° .« (25) 


Using (23) this becomes 
i-—Hhi.) «se ΝΒ 
my 


This shows that the potential R,i, across the ends of the 
second coil is in a constant ratio n/n, to the e.m.f. in the first 
coil. In this way, by varying n,/n., we are able to step up or 
down a given alternating e.m.f. or this reason an apparatus 
of this kind is called a transformer. 


§ 97. Generalised law of induction 


We conclude this chapter with a remarkable generalisation 
of the law of induction, due to Maxwell. If we consider a 
stationary circuit in which there are no batteries, (5) becomes 


[=a = ~ =. : P ᾿ (27) 


This equation applies, so far, only for integration round the 
closed wire circuit, E and ds both being directed along the 
wire. But the tangential component of E is continuous at the 
surface of the wire where the medium changes, and so (27) 
must also hold for a circuit lying just near to the wire. Indeed, 
we may expect it to hold along any closed curve, since the 
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fact that it holds for at least one curve not coincident τοὶ εν, 
the wire shows that the electrical forces (represented by E) 
which are brought into existence by a change of magnetic 


flux cannot depend on whether there is an actual flow of 


current. The flow of current is here an “ effect” and not a 
“cause ἢ; and the induced or back e.m.f. is independent 
of whether a current does, or even can, flow. So let us assume 
the truth of (27) for any closed curve whatever. To some 
extent this is a hypothesis, but we have shown how reasonable 
it is, and it has been abundantly justified by the results 
which it predicts. 


We may write N = | B.dS, where the integration is 


over any surface that spans the curve along which E is 
integrated. Thus 


But by Stokes’ theorem 


| B-as = [ ous E.ds, 


and so for any surface § spanning an arbitrary contour: 


| (0B 
| ou z.as == | (G25). 
This is only possible if 


6B 
olB=—-— . . « (28) 


This is an extremely important formula, and may be called 
the generalised or differential form of the law of induction. 
Our former expression (5) is merely a particular case of (28) 
when the current distribution is along a thin wire and we 
choose this wire as the boundary curve for integrating (28). 


INDUCTION 205 


All quantities above are supposed measured in e.m.u. 
But if, as is usual, we measure E in e.s.u. and B in e.m.u., 
it becomes 

188 


aia ls ; ; . (29 
curl Εἰ = (29) 


We can go one stage further by introducing the magnetic 
vector potential A. Let us, as in § 58 (v), put B = curl A. 
Then 


The expression in brackets must be the gradient of some 
scalar quantity. Let us call this —grad ¢. Then 


10a | 
E=—->-gad$. . . (30) 


6A 
If there is no change of magnetic field tons 0, so that 


E = —grad ¢. This identifies ¢ in (30) with the usual 
electrostatic potential V which we have discussed in 
Chapters I-IV. However, we shall now choose ¢ rather 
than V to denote this electric potential. This is partly for 
the sake of convention, but also to avoid confusion, for in 
Chapter XIII the symbol V will be needed to designate the 
velocity of electromagnetic waves in dielectric media. __ 

There is one important deduction from (30). If a block of 
conducting metal is in the presence of a changing magnetic 
field, this shows that there is an electric field E induced in the 
body of the metal. Now j =oE, so that there will be an 
induced current distribution. These are called eddy currents. 
In most cases (e.g. the core of a transformer or an electric 
motor) the eddy currents represent an unnecessary waste of 
energy, 80 the metal is usually laminated, with a thin film of 
insulation between the various layers. This serves to inhibit 
the undesirable eddy currents, though it does not completely 
remove them. 
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§ 98. Examples 


1. A finite length of wire PQ is moved with constant velocity 
across a uniform magnetic field. Explain how you reconcile 
the existence of an e.m.f. — dN/dt (equation 1) between P and Q 
with the fact that there is no complete circuit in which a current 
can flow. 

2. A train is moving with velocity v. Show that if the two 
rails are insulated from the ground, there is a difference of 
potential between them equal to wlH, where ! is the distance 
between the rails and H is the perpendicular component of the 
earth’s magnetism. 

3. A coil of area A, resistance R and induction J is rotated 
with constant angular velocity p about a vertical axis in the 
earth's magnetic field, whose horizontal component is H. Show 
that the current 7 satisfies the equation 


LS + Ri = AHp sin pt. 


By calculating the average rate of loss of energy show that the 
mean couple required to rotate the coil is RA*H*p/2(R*+-L*p*). 

4. A magnet of moment m can slide along the axis of a 
circular coil of wire of radius a, resistance # and negligible self- 
induction. Show that when the magnet is at a distance x from 
the coil the flux of B across the coil is N = 27ma*/(a? +-2*)5/2, 
Deduce that if the magnet is moved with constant velocity v 
the current in the coil is ὁ = 67ma*xv/R(a*+2*)5/*, 

5. A small search-coil consists of n turns of wire each of 
area A, and the two ends are connected to a galvanometer, the 
total resistance being R. The coil is placed perpendicular to a 
field which it is desired to measure and is suddenly withdrawn. 
If the total charge that flows through the galvanometer is Q, 
show that the field is given by B = QR/nA. This is the principle 
of the fluxmeter by which we measure a field at any point. 

6. A condenser is charged by means of a constant e.m.f. δ the 


connecting wires having a resistance R. At ¢=0 the e.m.f. ἢ 


is switched on. Show that at time ¢ the charge on the condenser 
is Q = O£(1—e-HCR), 
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7. Verify that the time constant τ in (10) is such that in 
time + the current has grown to about 0-63 of its maximum 
value. 

8. The two plates of a condenser Οὐ carry charges +Q,, and 
at ¢ = 0 they are connected together through a coil of resistance 
R and inductance L. Show that the charge Q at any subsequent 
ab Ἐπ ἂν +a @ =0. Solve this equation, 
given that R*< 41/0. 

9. Investigate the solutions of (14) for the free oscillations 
of a circuit in the cases R? = 41,6 and R*>4L/C. These are 
known as critically damped and over-damped circuits. 

10. In the inductively coupled circuits of Fig. 67, E, = 0 
and δι = = E> cos pt. Show that there is a phase difference 
between ὦ and 7,, and that as p—>co this phase difference tends 
to ite 

11, In the inductively coupled circuits of Fig. 67, &,=0 
and δὶ = &, cos pt. Show that the current ἧς is given by the 
equation 


(EDs -μὴ = 


time is given by L — 


oo (δ Ry+L_R,) Ξε ΣΝ = Mp €, sin pt. 


Deduce that if the condition (24), (Z,L, = M*) is satisfied, 
then the amplitude of the oscillations of ἐς is Mp&,/S, where 


3 = RER?Y + pL, +L,R,). 


19, Show that in the forced oscillations of a single circuit 
(18) the current is out of phase with the e.m.f. Calculate the 
rate at which the e.m.f. ἔν cos pt is working, and show that the 


3 - 
mean value is τε cos ὃ, Z and ὃ being given by (19). Verify 


that this is the same as the mean value of ἰδ, so that con- 
servation of energy is not violated. Deduce that if # = 0 there 
is no consumption of energy even though there may be a large 
current. Explain this. 

13. Asmall magnet m at the origin is rotating about its centre 


' with an angular velocity p, the magnitude of m remaining constant. 


Show that ei =pXm. Hence using the formula (6) in § 66 
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for A and (30) for E show that the motion of the magnet gives 
rise to an electric field E, where 


E= τε {(r.m)p—(r.p)m}. 


N.B.—We know that moving charges (i.e. currents) give rise 
to a magnetic field. This is an example to show that moving 
magnets give rise to an electrostatic field. 

14, A small magnet m has ἃ constant velocity v. Show that 
at the moment when the vector distance from the magnet to a 
point P is r the electrostatic field at P due to the magnet’s 
motion is 

δ: mxXxv 3(v.r)(m Xr) 

N.B,—This is only valid if v is much less than the velocity of 

light. 


CHAPTER XII 
ALTERNATING-CURRENT THEORY 


§ 99. Introduction 


We are concerned in this chapter with some of the more 
technical applications of the fundamental laws of induction 
established in Chapter XI. Now in § 95 (δ) of that chapter 
we considered the circuit of Fig. 66 in which an alternating 
emf. € = ἔν cos pt was applied to @ circuit containing 
a resistance R, a capacity C and an inductance L in series. 
We first obtained the differential equation (18) for +; then 
we saw that its solution involved two quite distinct parts. 
The one part (Complementary Function) represented oscilla- 
tions which soon died away on account of damping; their 
frequency was quite independent of the frequency of the 
applied e.m.f. €, and we described them as free oscillations 
of the circuit. But the other part (Particular Integral) 
represented oscillations with the same frequency as the 
applied e.m.f. and with constant amplitude; we called these 
forced oscillations. When the circuit is first completed with 
a switch, both parts of the total current are effective, but 
in a short time the transients have decayed to a negligible 
amplitude and only the forced oscillations remain. The 
distinction between these two types of oscillations is important, 
for in every electrical circuit of this kind both types are found. 
In our present chapter we shall be concerned solely with the 
forced oscillations, so that all transient effects will be neglected, 
and all oscillating quantities may be assumed to have the 
same frequency p/27, though there may be certain phase 
differences between them. In such problems as these it is 
possible to simplify the working very considerably. 
209 0 
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§ 100. Impedance and reactance 


Let us first consider certain special cases of the general 
circuit shown i in Fig. 68. In particular 


Nh oe OE ign E = E, cos pt, . ᾿ () 
a L 
Fic. 68 and that we connect, in turn, just one 


of the three quantities R, Z and C to 
the e.m.f. €. This may be achieved by supposing that the 
other two quantities have zero magnitude. The reader 
will have no difficulty in verifying that in these three cases 
the full solutions for the forced oscillations (equation (19) 
of § 95) reduce to 


R alone: i = 008 γι, : ὺ . - (2) 
| a, π 
DL alone: i = £2 cos (pt—5),. ° - (8) 
spinah Spud oie 
C alone: t= (p06) cos (ve -- 3) ° . &@ 
We may describe the results (2)-(4) by saying that in this 
particular circuit 
(i) an inductance ZL behaves like an effective resistance 


pl, but the phase of the current lags 7/2 behind the voltage, 


(ii) a capacity C behaves like an effective resistance 1/pC, 
but the phase of the current is 7/2 in advance of the voltage, 

(iii) a resistance R has no effect on the phase of the 
current. 


We shall find a similar situation if we take R, L and C 
in pairs. The appropriate solutions now reduce to 


Rand Ltogether: i= ξι cos (ρέ---δὴ), where 
23 -- Κ'-Ἐ 512, ἴδιαι ὃ τε ΕΒ, . . . (8) 
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Rand C together: t= τι cos (pt-+-5), where 


Z* = R®+-1/(pC)*, tan ὃ = 1/pCR, Ξ . (6) 
Land C together: t= & cos (pt—7/2) where 
Puget «) «. wo en 


We may describe the results (5)-(7) by saying that in each 
case there fs an effective resistance Z, such that the maximum 
current is given by Ohm’s law 


i nee |e, eS 


and that there are phase differences which, except in the last 
case, are neither Ὁ nor +-7/2. Evidently the actual phase 
differences in (5) and (6) represent a compromise between the 
effect of the pure resistance R which tends to leave the 
original phase unchanged, and that of ZL which tends to 
retard it, or of C which tends to advance it. Both Z and ὃ 
may be found graphically by drawing a right-angled triangle 
in which R is measured in one direction, whereas LZ and C 
are measured in a perpendicular direction. Z is then the 
magnitude of the vector sum of two components, and the 
magnitudes of these components are R, pL and 1/p0. Fig. 69 


Ppl 


(a) Rand L together (Ὁ) RandC together (c) L and C together 
Fia. 69 


shows the three diagrams obtained in this way. Note, 
however, that in Fig. 69c, Z is the sum of the two vectors 
pL and 1/pC. These are both perpendicular to the direction 
of R, but are opposed to one another. If pL>1/pC the 
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resultant points downward, but if pL<1/pC it points up. 
Let us call the direction of R the voltage line; then if Z 
is above the voltage line the phase of the current is in advance 
of the e.m.f., and if Z lies below the voltage line the phase 
of the current is behind that of the e.m.f. In each case the 
magnitude of the phase difference is given by the angle 
between Z and the voltage line. 

We call Z the impedance of the circuit. Thus Z is the 
magnitude of the vector sum of the ohmic resistance R 
and the inductive reactance pl, or the capacitative 
reactance |/pC, proper account being taken of the directions 
in which these two reactances must be measured. The 
quantity 1/Z is sometimes called the admittance. 

Our argument has so far only been applied to the cases 
where either one or two of the three quantities are present. 
But it is equally valid when all three are present, as in Fig. 68, 
For, as Fig. 70 shows, the impedance Z of the circuit and the 
phase 6 of the current are given by 


pais (ot— fs wnt (et— 2) 


with | 
t= e cos (pt—6), tmax = os . - (9) 


The results expressed in equations (9) are precisely the 
same as in the solution (19) of § 95 
obtained by solving the appropriate 
differential equation. But the method 
we have just used is vastly easier to 
handle than the original differential 
equation, and, as we shall see shortly, 
it may be applied in many other more complicated examples, 


101. Mathematical justification 


The method developed above may be used in more general 
eases. In fact, it rests upon simple mathematical properties 


ALTERNATING-CURRENT THEORY 213 


of the Argand Diagram * and the complex numbers a+jd, 
where j denotes Y~—l. We use j rather than ¢ for this 
quantity as i is already involved as the current. Instead of 
putting € = δὼ cos pt, we shall find it convenient to use 


Sui Gee bc. cores! | 8) 


If we like we may interpret this as meaning that we are 
always to take the real part of all expressions involving 
ef?! But it will be quite good enough to work right through 
all our problems with functions of the type (10), without 
distinguishing between real and imaginary parts ; then, when 
we have reached the end, we can take the real part.f This is 
a familiar device in Applied Mathematics. A similar type 
of expression to (10) will hold for the current ; let us put 


Ἵ = i,e7?*, * * * * * (11) 


but tg may not necessarily be purely real, as we shall see in 
a moment. Indeed, our primary object is to discover the 
modulus and argument of %. The type of substitution 
represented in (10) and (11) is possible because we have 
decided to consider only the forced oscillations in which all 
fluctuating quantities have the same frequency p/2z. 

Let us consider first the circuit containing €, L and R, 
all in series. Ohm’s law for this circuit gives (equation 
(8) of § 95): 


E-L = Ri ταὶ τρῶς τ τῶ 


Substituting the values οὗ € and ¢ given by (10) and (11) 
we see that (12) is satisfied if €,—Ljpi, = Rig, that is, if 


. (18) 


εἰς εἰ Ὲ 
ἀὰὸ 5 Ὁ τ ἢ . . 


ΕΣ * E.g. see Phillips, Complex Variable, Oliver and Boyd Ltd., 

apter [. 

: E.g. see Coulson, Waves, Oliver and Boyd Ltd., 1949, Chapters 
and II, 
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Thus # is a complex quantity. To separate real and 
imaginary parts let us put 


RtjphL=Ze . . . . (14) 


It will be recognised at once that Z and 6 thus defined are 
in fact precisely the same as in (5), so that Z is the impedance 
and 6 is the phase lag of current behind e.m.f. Combining 
(11), (13) and (14) 

i = ἐς»! 


= £2 ¢ilrt—2) hh isl eg ΟΝ 


Taking the real part of this equation we reproduce in detail 
the formule in (5). The complex number which we introduced 
in (14) and which we have seen gives us both the impedance 
and the phase is often written Z, and is called the vector 
impedance. When drawn on the Argand diagram its 
modulus is the impedance Z and its argument is the phase δ, 
In fact 

ἘΣῪ τι ake, Valens eee 


Z may be regarded as composed of the ohmic resistance (or 
real part) #, and the inductive reactance (or complex part) 
jpL. The relation of all this to the Argand diagram is soon 
recognised in Fig. 69. 

The method just described is quite general in its 
application. Thus, suppose that we have the circuit of 
Fig. 68 containing L, R and C all in series, the fundamental 
equations are (11) and (12) of § 95: 


é-15 -- ῦ = Ris = 2 ae 


To solve these, we put 


E= Eye’?! ν ὃ = ἐρεῖν Ὁ = Que’ ᾿ . (18) 
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Then with a little reduction 
ty _— ἐξ - rT Γ ᾿ (19) 
R j iL = oe = ἕ . a . 20 
The vector impedance is 
l 
Z=Rf ipL rear, 6 ® * 21) 
+ ppl +- jp (21) 
and 
ute 
te . ; ὺ - (22) 


It is easily recognised that these equations lead to precisely 
the same results as in (9), which is known to be the correct 
solution. 

We could, however, apply the same analysis to any other 
circuit, or part of a circuit. For as we saw in Chapter V the 
current distribution in electrical networks is governed by 
Kirchhoff’s laws ; these state that no current piles up at any 
junction of wires, and that the potential drop round any 
closed contour is zero, making allowance for batteries that 
may be present. With alternating currents of frequency 
p/27, all these conditions will resemble those of (17), with 
perhaps more terms according to the complexity of the 
contour, and continuity equations for the current. Now all 
currents and charges will vary with the time according to 
the law ef?', so that we may always replace quantities such as 

LS by jpli, and = ῳ a by ΕΞ i. Thus each inductance may be 
treated as a ἐπου 5 resistance jpL and each condenser as a 
complex resistance πο' after this we may proceed to solve 


the equations for the currents by using Ohm’s law, just as in 
(22). The final current, or currents, will be given by complex 
expressions, whose moduli are the maximum values and whose 
arguments determine the phases. 
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We have just seen that a resistance R and an inductance 
L in series may be regarded as a single vector impedance Z, 
where Z= R+jpL. In a similar way we may treat other 
combinations, so that a complete network may be broken up 
into a set of impedances Z,,Z,.... This is often easier than 
treating each part separately, for it is easy to show that 
impedances in series are compounded together according to 
the law 
Z=Z,t+Zet+ wee ὁ . . (23) 


but if they are in parallel 
σα ἃ 
δ’ ee yt OR it ca ΑΝ 


It is important to remember that (23) and (24) require us to 
use the vector impedance Z and not its magnitude Z. We 
leave the proofs of (23) and (24) as an exercise for the student ; 
examples of their use are given below. 


§ 102. Bridge circuits 


By replacing the resistances of a Wheatstone’s bridge 
(§ 41) by condensers or inductances, or both, we are able to 
obtain various modifications, some 
of which are important as they 
allow us to compare inductances 

and capacities and resistances. 
Thus, consider first the De Sauty 
bridge shown in Fig. 71. AB and 
AD are inductances ZL, and L,, 
but BC and CD are resistances R, 
and ἢ. The alternating supply 
E = E,e/* is applied between A 
and OC, and the resistance R, is 
Fie. 71 adjusted so that no current flows 
across BD; this is determined by 

a pair of headphones, shown in the diagram. 
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We may treat this circuit just like the Wheatstone’s bridge 
in ὃ 41, taking the four “ resistances ” as jpl,, jpL,, R, and Ry. 
The condition for balance now becomes 


jpl, δὶ aa ων, 
ὭΣ, Mat ΤΣ Rik . (25) 
In this way we compare the inductances L, and Ly. 

If we had replaced the inductances ἴω and L, by two 
condensers C, and C,, the condition for balance would have 
been 

jpCs - Ry ἄπ on ee 

jp0, = R,’ so that σι μ σι = R, : Κ,. . (26) 
Both (25) and (26) are independent of the frequency p. This 
does not often happen, but when it does, it means that we 
need not use a purely harmonic e.m.f. Any type of emf. 
will serve, provided that it is not a constant one; this is 
because we can split up the variations 
of e.m.f. into harmonic components 
by Fourier’s theorem, and since (25) 
and (26) are true for each component 
of the emf. they are true for 
the complete e.m.f. <A satisfactory 
method in such cases is to use 
a battery with a make-and-break 
switch. 

Next consider the Maxwell 
bridge shown in Fig. 72. The four 
arms of the bridge contain ohmic Fra. 72 
resistances R, ... &,, but A, is in 
parallel with a condenser C and R, is in series with an 
inductance L. Once again the applied emf. is &,e%, 
connected between A and F, and adjustments are made 
till no current flows through the earphones between B and Ὁ, 
If Z, ...Z, are the vector impedances, the condition of 
balance is 


“ZZ, -- 2, ὦ. ᾿ ᾿ 5 (27) 
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Now Z, = R,, Z, = Ry, Z, = R,+jpL, and 
] 1 l 
Zz, ~R, * (gpoy’ 
| ι ἢ, (0) 
Substituting in (27) we find, after a little reduction 
RyRy +jpL) = RR,(1+jpOR,). 
Equating the real and imaginary parts : 
RR, =R,R,,andL=CR,R, . . (28) 
There are thus two distinct conditions; this often occurs in 
problems of this nature; it arises because the currents are 
specified not merely by their maximum values but also by 
their phases. In our present problem the conditions of 
balance are independent of p, just as in the De Sauty bridge. 
The final relation in (28) is very useful because if we are able 
to calculate any two of the quantities capacity, resistance 
and self-inductance, it gives us a method of measuring the 
other. We have seen in earlier chapters that L and C may 
be calculated theoretically; in principle, therefore, this 
gives us a way of measuring resistances on an absolute scale. 
Indeed modifications of this circuit were used by Maxwell in 
determining the absolute ohm. 
Other examples of bridges of this kind will be found in 
the questions at the end of the chapter. 


§ 103. Acceptor and rejector circuits 


It often happens that we wish either to allow or to exclude 
one particular frequency of electric oscillations. For this 


δ 
L Ο ti + 
(a) occeptor 4b) rejector 


Fria. 73 
purpose we use an acceptor or rejector circuit, as shown in 


Fig. 73. 
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Consider first the circuit of Fig. 73a. The effective im- 
pedance is 
l 1 
Z=jpL +— =j\|plL— —}. 


So if p? =1/(ZC), Z vanishes and the system allows free 
transmission for the particular frequency p/2z7. All other 
frequencies give a non-zero value for Z, and are therefore 
cut down in greater or less degree. This is called an acceptor 
circuit. 

Next consider the circuit of Fig. 736. The effective 
impedance is given by 


Se . 
Z jpl ᾿ (ifjp0) 
Thus 
_ jp 
~e9 —p Le 


Consequently Z is infinite for p* = 1/(ZC); this means that 
the circuit completely rejects the particular frequency p/2n, 
admitting other frequencies to a greater or less degree. This 
is called a rejector circuit. Considerable modifications and 
variations of these two types of circuit have been devised, 
but we shall not discuss them here. 


$4104. Power factor 


Consider again the series-resonance circuit shown in 
Fig. 66 (§ 95). The applied e.m.f. is, in real form, 
E= Ey cos pt, 
and the current, also in real form, is 
ἐς = ae κοννεον μν ἤ88) 


Now the rate at which the source of supply is providing 


π΄ ἢ Ε 


--- ς-- 


Se eee - 


— - 


— 


ae 


SS -- 


4 - - 


πάρει 
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energy is €i. This is a fluctuating quantity whose mean value 
is — cosd. This may be described as the true power 


consumption ; it is the quantity that would be measured by 
a watt-meter. 

It is, however, quite possible to measure the current and 
voltage separately with an a.c. ammeter and voltmeter 
respectively. Instruments of this sort do not measure the 
mean value, which is zero, but the root mean square value 
(r.m.s.). Thus the current recorded would be the square root 
of the average of #*, which is soon shown to be &,/4/2Z, 
on account of the fact that the mean value of cos* pt is ἢ. 


Similarly the r.m.s. voltage is €,/4/2; the product of the 


r.m.s, voltage and r.m.s. current may be called the apparent 
power. It differs from the true power by the factor cos ὃ, 
which we call the power factor. Evidently the power factor 
lies between 0 and 1, taking the value 0 when the current is 
right out of phase with the e.m.f. and the value 1 when the 
two are completely in phase. In simple terms 
true power = r.m.8, voltage Xr.m.s. current Χ power factor, 

A large phase lag between current and voltage gives a low 
power factor ; this is wasteful in distribution since the same 
true power requires a larger r.m.s. current and hence larger 
losses through Joule heat in the wires. For this reason 
electric power companies instal devices to correct a low power 
factor and bring it as high as 0-9 or higher. When designing 
these devices we have to remember that condensers advance 
the phase of the current and inductances retard it. 


§ 105. Examples 
1, An alternating current 7, cos pt is superimposed upon 8 


direct current ὦ. Show that the r.m.s. current is +/(i,2+44,°). 


2. An e.m.f. represented by &,+&, cos pt, where ἔν and &, 
are real constants, acts in a circuit whose vector impedance is 
Z = Ze’, Show that the mean power expended in the circuit is 
{δ soc 5+-3E,? cos §}/Z. 
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8. Prove equations (23) and (24) for impedances in series and 
parallel. 

4. Show that the impedance of the system in Fig. 74 (a) 
is a+jp8, where a = R/(1-+-p*C?R%), B = L—(CR?)/(1+-p*C*R*). 
Hence show that if pCR is very much less than 1, it is possible 
to choose R and Οἱ so that there is zero resultant reactance. 
This device, which may be thought of as cancelling the inductance 
L, is useful in long-distance cables, where the presence of an 
inductance is undesirable. 

5. Show that in the transformer of Fig. 74 (δ) the mutual 
inductance M is equivalent to an impedance jpMi,/i, in circuit 1 
and jpMi, /t, in circuit 2. 

6. Show that the forced oscillations in the transformer 
circuit Fig. 74 (c) are given by 

E = jpL,i, +jpMi, , 0 = Ri, +jpL,i, +jpMi,. 
Deduce that the peak value of the current in the secondary coil 
is MEo/+/{(L,L,—M**p* ΤΡ ΣΝ. 

7. Show that if the coefficient of coupling M/4/(Z,L,) in the 
last question is unity, then the power factor is pL, /+/(d*+-p*L,*). 

8. Show that the natural frequencies of the circuit in Fig. 74 
(4) are p/2n, where O,C,(L,L,—M*)p*—(L,C,+L,0,)p* +1 = 0. 

9. Show that the power factor for the circuit shown in Fig. 74 
(Ὁ) is pL/s/{pL? + RA p*L0—1)?}. 

10. Figure 74 (/ ) shows two circuits with a common capacity 
C. This is called direct capacity coupling. Show that the 
periods of free oscillation are 27/p, where 


{00,L,p*—(0+0,)} {CO,L,p*—(0 +-0,)} = 0,0;. 


11. In the circuit of Fig. 74 (g) the condenser is adjusted so 
that no current flows through the telephone. Prove that 
p*MO =1. This may be regarded as a rejector circuit; it is 
called the Campbell Frequency Sifter. Notice that it provides 
a measure of M, even though self-inductances are present in 
both halves of the circuit. 

12. Show that the conditions for balance in the Anderson 
bridge of Fig. 74 (/) are 


RR, = RR, L = CR(R RR, +R, BR, + Rehs) /R,. 
13. In the Bridge circuit of Fig. 74 (i) there is a mutual 
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inductance M between the incoming wire and the arm containing 
the resistance R,. Show that the conditions of balance are 

RR, = RR, LR, = —M(R,+R,). 


14, Show that the conditions of balance in the circuit of 
Fig. 74 (7) are 


Re we Oe δι. ng ἘΣ 
a ia: p*0,0,0,0,’ C, * OQ 0, = σι 


In all the circuit diagrams above, € represents an e.m.f. 
E,e’?', and L, M, OC and F# represent self-inductance, mutual 
inductance, capacity and resistance respectively. 


CHAPTER ΧΠῚ 
MAXWELL’S EQUATIONS 


§ 106. Displacement current 


THe fundamental equations of the electromagnetic field are 


not yet completely established, for one of our previous 
equations requires an additional term. It was Maxwell who 
detected the omission and thus discovered a new and un- 
suspected importance in the study of electromagnetism. 

The equation that requires modification is the one 
established in Chapter VI which connects the current vector j 
and the associated magnetic field H in the form 


curl H = 4πὶ ; : . & 


Now div curl=0, so that (1) automatically implies that 
divj=0. But the equation of continuity of charge (ἃ 33, 
equation (6)) is 


Thus in general div j is not zero; but it is zero for the case 
of steady flow discussed in Chapter VI. Equation (1) does not 
therefore hold for non-steady currents. However we may 
write the equation of continuity (2) in the form 

div J = 0, 
where 


1 @D 
σαι . . . @) 


This suggests very strongly that we ought to replace j in (1) 
by J. For J is a vector whose divergence is always zero and 
224 
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which reduces to j in steady cases. We call J the total current, 
j the conduction current, and => the displacement 
current. Since D=E-+4rP (§ 26), the total current may 
be written 

ὃ 1 ΔῈ; 
εἶ = ar a 0 Se -. 1΄᾿ Γ ΓῚ ᾿ 

ΕΊΣ (4) 
We can give a simple explanation of part of the displacement 
current. For when we polarise a dielectric we separate 
positive and negative charges. While this separation is 
taking place charges are moving and a current > called the 
polarisation current, must flow. This justifies the second 
term in (4). The third term, introduced by Maxwell, is 
sometimes called the aether displacement current, or 
displacement current in vacuo. The total current is thus a 
sum of three separate terms, and the revised form of (1) is 


curl H = dad = 4π| + . . (6) 


If we measure H and j in e.m.u., and D in e.s,u., this becomes 
1eD 

: 1 Εἰ = = Py . , Ι 

our 4π| Ἐπ = (θ) 

The step from (1) to (6) has been shown to be reasonable 
and consistent. It is, however, possible to verify its accuracy 
experimentally by applying an alternating e.m.f. to the 
plates of a condenser between which there is a uniform 
dielectric. In the dielectric there is no conduction current j, 
but according to (6) there should be a displacement current 


7— ξ,. It is not difficult to establish the presence of this 
current by its magnetic ficld. In this way, and in other 
ways to be seen later, equation (6) is fully justified. Indeed 


the whole of the electromagnetic theory of light depends 
upon the inclusion of the extra terms shown in (4). 


Ρ 


] 
| 
| 
| 


τε πον 


Ξ᾽ ὑαακῦσ- τεοκαῦσαν. 


SS 
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In previous chapters we have neglected the displacement 
current. This is certainly accurate for steady conditions 
(in which 0D/dt = 0), and it is sufficiently accurate if the rate 
of change of D is not large. Such a condition is known as a 
quasi-steady state. All the equations and deductions in 
our discussion of induction in Chapter XI are thus dependent 
upon the assumption of a quasi-steady state. A study 
of numerical values shows that we may treat all ordinary 
electrical engineering problems as quasi-steady problems: 
it is only when we reach very high frequencies, such as those 
of light, that the displacement current predominates over the 
conduction current. 


§ 107. Maxwell’s equations 
We are now in a position to summarise the fundamental 
equations of the electromagnetic field. They are: 


(i) div D = 4πρ, 
(iii) curl H = 4π| + a 
Ἶ 1éB 
(iv) curl E = oe 


Here, and elsewhere in this chapter we use mixed, or Gaussian 
units, 1.6, D, E, p are measured in e.s.u., and B, ἘΠ, j in e.m.u, 
Equations (i)-(iv) are known briefly as Maxwell’s Equa- 
tions. But they need to be supplemented by the con- 
stitutive relations : 


(v) D=KE, (vi) B=pH, (vii) j= σξ!." 
To this list we may add the equations which define the 
potentials A and ¢. We have already seen that these are: 
(viii) B= curl A, 


* Depending on whether j, ¢ and E are in the same units, a factor 
δ may be required. See the last line in § 119. 
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Equation (viii) does not completely define A. In the steady 
conditions of § 58, equations (12) and (13), we added the extra 
condition div A=0O. But when dealing with fluctuating 
currents it is more convenient to generalise this in the form 


: Kyep 
(x) div Δ Ὁ = δ = 0. 
In steady and quasi-steady states this new definition is the 
same as the old, and none of our earlier work is affected by 
the alteration. But the new form greatly simplifies the actual 
calculation of A and ¢ in non-steady states. 


§ 108. Decay of free charge 


Several important deductions can be made. from (i)-(x). 
Thus, using (5) of Ὁ. 225 and (vii) of p. 226, we may write 


curl H= dnoE + 2. 


Let us suppose that o and K are constant, Then taking the 
divergence of each side and using (i) we have 


daa dp 
O= —. wal 
Kes 
Thus, on integration : 
p= ροδ "9, where 0 = Κ|άπο. ‘ . "ee 


θ᾽ is called the time of relaxation. It follows from (7) 
that any original distribution of charge decays exponentially 
at a rate quite independent of any other electromagnetic dis- 
turbances that may be taking place simultaneously, and it 
justifies us in putting p = 0 in most of our problems. For 
metals @ is too small to measure with any accuracy (e.g. for 
copper @ is of the order of 10-1 seconds), but for dielectrics 
such as water the experimental value agrees excellently with 
(7). This theorem does not, of course, apply to charges at 
the surface of a conductor. 
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§ 109. Electric waves 


Perhaps the most important deduction from Maxwell's 
equations is that they predict electric waves. Consider a 
non-conducting medium such as glass, for which we may put 
o =0; let us also suppose that K and p are constants. 
Then operating with curl on both sides of (iii) and using the 
fact that curl curl = grad div—V?, we get: 


K c& Ka 


grad div H—\V*H = “4 curl on 2a E). 
Substituting for div H and curl E, we obtain the equation 
Kp@u 
ΝῊ = ἢ “Bp . - * (8) 


VE = — —. . . . (9) 


These are the standard equations of wave motion.* They 
show that electric waves are transmitted with velocity 
c/4/(Ky). In free space, where K = p» = 1, this velocity is 
just c. Now c, which first appeared in Chapter VI as the ratio 
of the e.m.u. and 6.86.8}. of current, may be determined 
experimentally: its value in c.g.s. units is 2-998 x10, 
But it is found by experiment that the velocity of light in 
free space has this same value. We are thus led to the 
conviction that light waves are electromagnetic in nature, 
a view that has subsequently received complete verification. 
X-rays, ultra-violet rays, infra-red rays and wireless waves 
are also electromagnetic and differ only in the order of 
magnitude of their wavelengths. It can be shown, though 
we shall not do so here, that they are all transverse waves. 

In non-conducting dielectric media, like glass, K is not 

*" See Coulson, Waves, Oliver and Boyd Ltd., 1949, Chapters I 
and VII, where a fuller account of electromagnetic waves is given. 
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equal to unity; also , depends on the frequency of the 
waves, but for light waves in the visible region we may put 
μ- 1. The velocity of light is therefore ¢/,/K. Now in a 
medium whose refractive index is n, it is known experimentally 
that the velocity of light is c/n. Hence if our original assump- 
tions are valid, Καὶ =n*. This result, which is known as 
Maxwell's relation, is approximately satisfied by many 
substances, but it fails because it does not take sufficiently 
detailed account of the atomic structure of the dielectric. 
It applies better for long waves (low frequency) than for 
short waves (high frequency). 
The student may easily verify that a particular solution of 

(8) and (9) is 

E,=a cos p(t—z/V) , E,=#,=0, 

H,=V(Kjp)a cos p(t—2/V) , Ha=H,=0 . (10) 


in which V =c/,/(Kp) and @ and p are constants. This 
evidently represents a plane wave of frequency p/27 travelling 
in the z-direction with velocity V. The vectors E, H and the 
direction of propagation, form a right-handed set of axes, 
showing that such waves are transverse and not longitudinal. 


8110. Conducting media 


In our previous discussion we dealt only with non- 
conducting media, where σ = 0. If we retain o, the standard 
equations (8) and (9) are modified by the presence of an 
extra term. Thus, supposing always in accordance with 
§ 108, that p = 0, 


V"E Ss pig τ ἢ wait ἐς =, . Γ (11) 


There is a similar equation for H. This is the well-known 
equation of telegraphy, from which we can infer that the 
additional term corresponds to a dissipation of energy. If 
we are dealing with waves whose frequency is p/27, E will 
be proportional to e# (or cos pl, or sin pl) and we may 
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replace ὃ δὲ by ip. The ratio of the absolute magnitudes of 
the two terms on the right-hand side of (11) is therefore 
Κρίάπσο. If p is very large, as in light waves in a non- 
conducting dielectric, only the first term (displacement term) 
matters; but if p is small, as in long waves in a good 
conductor, the second term (conduction term) predominates. 
If we confine ourselves to the latter problem we may omit 


| e*E 
the term on in(11). Putting j = oE, we obtain the differential 


equation of current flow : 
_ 4nop oj 
vj = — 5:1» 


: cider eee 


This is similar to the equation governing the flow of heat, with 
current j replacing the temperature. This analogy enables us 
to predict several important results, of which we may briefly 
refer to one. 

If the temperature at the plane face of a semi-infinite 
slab is fluctuating with given frequency, then as we proceed 
inside the slab there will be fluctuations of the same frequency, 
but of decreasing amplitude and increasing phase lag. Corre- 
spondingly it follows that if an alternating current flows in 
a conductor, the amplitude of the current decreases as we 
proceed into the conductor, and there is also a phase lag. 
Rapidly alternating current, therefore, tends to confine itself 
to the surface. This phenomenon is known as the skin effect, 
and has an important effect upon the resistance of wires in 
high frequency circuits. 


8 111. Poynting vector 
We must next discuss the energy of an electromagnetic field. 


Since the electrostatic energy (§ 28) is [Ξ dv, and by 
analogy (§ 64) the magnetic energy is ΞΞ dv, we should 


expect the total energy to be the sum of the two. This may, 
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however, be proved by considering the rate of change of 
energy in a given volume ; for we have seen that all electro- 
magnetic effects may be attributed to charges, at rest or i 
motion; and we know that a moving charge experiences a 
force, so that as it moves, work is continually being done on 
it. In what follows we shall calculate the rate at which the 
energy changes due to these forces exerted on each moving 
charge. 

te vxB 
The force on a unit charge (ἢ 62) isE  -----. Thus the 


rate at which work is done on unit charge is 
E Ἐς (wx) |v = (E,v). 


Hence the total rate at which the forces of the field are doing 
work in the given volume is 


[ (E.v)pdv = | (E.j) dv, using mixed units. 


Substituting for j from Maxwell’s Equations (§ 107, (ii), this 
becomes , ὡ 
Φ | B-oun H dv - [Ege 


or, since div (Hx E) = E.curl H—H.curl E, 


ὃ ; Soe Cc 1 cD 
x [ἀν (H XE) dv ἘΣ [#-cwlEdy— 7 E. ἘΣ dv. 


The first integral may be transformed into a surface integral 
over the boundary of the given volume. Further, using (iv) 
in § 107 for curl E, we obtain 


ι [{π|8..8 Ὁ 
i] (HxE).4S — τς [π. a TEs ἦν 
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as the rate at which the field is doing work. If u and 
constants with respect to ¢, this hate aoe μ and Καὶ are 


@f(B.H DE 
ai) \er + oe] = 
ῦ 
i (Ex H).dS+rate at which field does work. . (13) 


It is now quite clear that we must take the electr neti 
are ὦ ἐν "1 θ electromagnetic 


] | 
g, (B-H+D.5} . . . (14) 
per unit volume ; energy conservation is then assured by (13 
provided that we suppose the surface integral in one 
represent a rate of flow, or radiation, of energy outward 
across the boundary of the volume. The vector 


Ξ ΧΗ), Ae. (ἢ 


which gives the rate at which energy is radiated across unit 
area, is known as the Poynting vector. In the form in 
which we have proved it in (13), only the integral of the 
Poynting vector over a closed surface has physical significance. 
In most cases, however, e.g. radiation from aerials or light 
waves, in which the field is rapidly alternating about a mean 


value zero, the vector z= < H) does represent the rate of flow 


across any isolated unit area. 
Thus consider the plane wave defined by (10). It is easy 


4 as 
to see that Ὡς (Ε ΧἨ) is directed along the positive z-axis 
and its magnitude is 
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This is a rapidly fluctuating quantity whose mean value is 
aa π .ca?, and this is the rate at which energy crosses unit 
area in the xy plane. Now, from (14) the energy density is 


Ka® ost ε-- ἢ) 
ἀπ »( Ρ} 


with a mean value Ka?/8z. If we may suppose that all the 
energy has a definite velocity of flow, this velocity must be 
the ratio SET ie. c/4/(Kp), or V. With such a wave, 
energy flows at the same speed as the wave itself. With a 
combination of two or more waves, however, for which V 
usually has different values depending on the frequency p/2r, 
this simple result is not true.* 


8112. The potentials 


Our discussion of electric waves in § 109 can equally well 
be given in terms of the potentials A and ¢. We leave it as 
an exercise for the student to show that if E, B, H and D 
are eliminated from Maxwell’s equations (i)-(x), we obtain 
the equations 


Ku @A 
2 ΞΞΣΣ. ---- — -ῷ Τ * . . 
VA = i 4 πμὶ, (10) 
Κμϑθφ 4πρ 
αν ἀν tgs ae 


In uncharged media, where p = 0, (17) reduces to the standard 
equation of wave motion ; so also does (16) in non-conducting 
media where j=0. In either case this demonstrates the 
possibility of electric waves with velocity εἰν (Kp). 


* See e.g. Coulson, Waves, Oliver and Boyd Ltd., Chapter VIIL 
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§ 113. Retarded potentials 


Let us consider for a moment the particular case in which 
K=p=1. (16) and (17) become 


ἡ Ἔρις 7, (18 


νὰ a ww 


The solutions of these two equations may be obtained by an 
extension of the method developed in §13.* The result for 
ᾧ is 


$= | τρεῖς Bee oc b+ eel se 


Similarly taking each component of A separately and then 
combining them 


Α -- [{3επτ|ὸ ay Στ ἐς ΠΝ 


The notation [p];,/, means that when integrating (20) 
to get the value of ¢ at a particular time ¢ and a particular 
point P, each element p dv contributes an amount p dv/r, but 
p is measured not at the time ¢ but at a previous time t—r/c, 
Now r/c is precisely the time that an electromagnetic wave 
would take to go from dv to the point P where ¢ is being 
calculated. Thus t—r/c is the moment at which a signal 
would require to be sent from the element dv in order to 
reach P at the given time ἐ, Yor this reason (20) and (21) 
are usually called retarded potentials and t—r/c is the 
retarded time. 


§ 114. Potential of a moving electron 


If we may suppose that each element of volume in (20) 
and (21) contributes to ¢ and A independently of all other 


τὰν ἐν a full discussion of this, see Coulson, Waves, Oliver and Boyd 
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elements, we may calculate ¢ and A for an electron of charge 
e and velocity v by putting pdv = e andj dv = ev, and noting 
that in the denominator r becomes the retarded distance [7]. 
Thus 


= = - --- . * * 22 
d [r] 3 A ( ) 


From these, by differentiation, it is possible to calculate the 
associated electric and magnetic fields and the rate of radiation 
of energy. 


§ 115, Recent developments 


It is beyond the scope of this book to discuss the further 
developments of the fundamental principles of electro- 
magnetism. Such studies mostly fall into one of two 
categories. First, there are attempts to co-ordinate the electric 
and magnetic fields in a comprehensive scheme in which a 
four-dimensional analysis is needed.* This soon involves 
the theory of relativity, but the complete formulation of 
a unified field theory in which relativity, gravitation and 
electromagnetism are seen to be properly related, has not yet 
been achieved. Then, secondly, in order to understand 
many of the experimental results which lie beyond the power 
of our previous analysis, it is necessary to use the methods 
of Quantum Theory to study in more detail the nature and 
structure of a single atom, and the forces between atoms. 
This theory is able to give a convincing account of the 
meaning and numerical values of the hitherto empirical 
constants σ, 2 and K ; it also explains the colour, or character- 
istie spectrum, of an atom or molecule, and many otherwise 
puzzling phenomena. But with this brief introduction to the 
elaborate field of modern Theoretical Physics we must leave 
the reader. 

* Wor an introduction to this, see Rutherford, Veclor Methods, 
Chapter VIII. 
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§ 116. Examples 


1, According to (4) the total current J involves a polarisation 
current, Show by analysis similar to that in ὃ 25 that the 
magnitude of this must be @P/dt. 

2. Obtain the differential equation (11) for the electric vector 
E in the case where the volume charge p is zero. 

3. Verify the result stated in (10), 

4. In a certain electrical problem Z,=0, 2, =0, and 
fi, =acosnzcosnci. It is given that H=0 when t=0 


and K=,=1, p=o=0. Prove that H, =0, H, =0, and 


that H, = —asin nx sin net. Verify that there is no mean 
flux of energy in this problem, which is a case of stationary 
waves. 

5. A large sphere of radius ὃ is made of material of conductivity 
a and dielectric constant K. At time! =0a charge Q, is 
uniformly distributed over the surface of a small concentric 
sphere of radius a, Show that at time ¢ the charge Q on the 
inner sphere is given by Q = Q,e-"', where n = 4r0/K. Show 
further that the total Joule heat loss during the discharge is 

ἃ 
τε (5 - -). Verify that this is also the decrease in electrostatic 
energy, electrostatic units being used throughout. 

6. Show that for any finite system the Poynting Vector tends 
to zero at infinity so fast that its integral over the sphere at 
infinity is zero. This shows that the total electromagnetic 
energy remains constant. 


7. The formula for the flow of energy = [ΞΕ Χ H) was proved 


in § 111 for the case of a closed surface only. Verify that it is 
not true for an open surface in the case where E and H are two 
constant perpendicular fields; but it is still true even in this 
case for any closed surface. 

8. Starting with the formula (14) for the electromagnetic 
energy U in a given volume, show from Maxwell’s equations that 


δ δ 
zo -zf (Ex H).aS—e [1.5 dv, 


Interpret the two terms on the right-hand side and notice that 
this provides an alternative derivation of the Poynting Vector. 
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9. Obtain equations (16) and (17) for the potentials A and 9. 
10. Show that the potentials A and ¢ (§ 107) which describe 
the plane wave (10) are 
z ace z 
ὁ =—ax cos p(t — =), Α, =A,=0,A, = — <= cos p(t 5) 
11. It is sometimes convenient to replace the conditions 
(viii)-(x) in § 107 by alternative conditions. 


B=curl 4,E= — 2° _ grad y, div A= Ee ea ab 


o ot 
Show that if we may put p = 0 the new potentials _f and ᾧ 
satisfy the equation 
6 af c of 


These equations are important because they are the same as the 
differential equation (11) for E and H. 
12. Show that if in the previous question we put ¢ = —div Z, 


then f = 4aonp 2+ = ed Show also that we may now put 
E = curl curl Z where Z satisfies the same equation as _/f and ᾧ, 


"at oy _ “πσμῦξ ΚμδΖ 
yee SS ee 


Z is called the Hertzian Vector. We may notice that all 
properties of the electromagnetic wave are contained in the one 
differential equation for Ζ. 

13. Show that it is possible to solve equation (11) for waves 
of frequency p/2z in a conducting medium by putting Εἰ = #,=0, 
EK, = a e'?\t-), where qg is given in terms of p by the equation 


By taking the real part of Ε΄, show that a harmonic wave cannot 
be propagated in such a medium without absorption. 

14, In the previous question ἄπσο is very much greater 
than Kp. Show that g = 7(1—i), where γῆ = ὥπσμίρο. Deduce 
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that H, is the only non-vanishing component of H and that 
H, and F, have a 7/4 phase difference. 

15. Verify that a particular solution of equation (12) is 
7. =jy = 9, 7, =aePY® cos p(t—yx), where γῆ = 2zep/pe. 
Interpret this in terms of the skin effect in a semi-infinite con- 
ductor bounded by the plane z = 0. 


16. Show that the magnetic field energy -- [ B.H dv confined 
iT 


in 8 given volume may be written in the form 


1 oD l 
A. dv Fi A.— ‘ —= --- i 7 ) 
+f j dv + =| τι 9 -- ge flux (Hx A) 


Deduce that in a finite system of quasi-steady currents the 
total magnetic field energy is simply } Ϊ A.j dv, which, if p is 


constant, may be written as } μ pe dv dy’. In this integral 


j and j’ are the values of j at dv and dv’, r is the distance 
between dv and dv’ and the integration covers the whole of space 
for both dv and dv’, 

17. Taking in the previous question the special case of a pair 
of closed linear circuits carrying currents 7, and i,, show that 


the extra field energy due to their interaction is pi,i, [ ποι σον 


1.0, ΔΙ, οὐ ἧς (οὗ, § 64). The total magnetic field energy has thus 
been shown to be αὶ Z,7,4 + M,,7,7, + ἃ L,i,. 

18. Current i flows in a straight wire whose section is a circle 
of radius a, Show that the magnetic field energy inside the wire 
is pi*/4 per unit length. Deduce that the contribution to the 
self-induction that arises from the energy stored inside the wire 
is 4 per unit length. (Use the field given in ἃ 55, question (4).) 
This is called the internal self-inductance. The external 
self-inductance may be obtained by regarding the current as 
all concentrated along the central line. This provides a method 
of calculating self-inductances. 

19. The total charge Q on a conducting sphere of radius a 
is made to vary so that Ὁ = ἀπαῖσ, where ¢ = 0 for t<0 and 
o=o, sin pt for ¢>0, Show that if Καὶ =p» =1, then the 
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potential ¢ at a distance R (R>a) from the centre of the sphere, 
is given by 
ct<R—a, d = 0, ει 
2παῦσῃ, - —")\ 
R—a<ct< R+a, ὁ = an {1—cos γί! - 


4rtiicag . pa, (:--ἢ 
pR cit Ces i 


20. Show that if wu τὸ ¢t—r/c and g(u) is any function of ὦ, 
then a possible solution of equation (17) in which p = 0, 
K = » = 1, and ¢ depends only on the time ¢ and the distance r 
from the origin is, 6 = g(t)/r. | 

21. Verify that a possible solution of equations (16) and (17) for 
the potentials in free space is obtained by choosing any function 
f (u) of the variable u = t—r/c, and writing 

7.0) Γ() 
A, =A, -εὸοςῦ, 4, = e={ cr Ἔ 


Ci 


Ἐ ας οἱ, φ εἰ 


ONES 


rodur 


This is Hertz’s solution of the field due to an electric dipole (or 
Hertzian oscillator), whose moment is ἢ (t) pointing along the 
z axis. f (¢) is usually an oscillating periodic function of ¢, and by 
this means it is possible to discuss radiation from short aerials. 
The solution can also be used to calculate the radiation from an 


accelerated electron. 
29. Show that in the previous question the rate of flow of 


2 
energy across a large sphere is 308 Lf"(u)}*. 


93. An electron of charge ὁ is moving with constant velocity ν 
along a straight line. P is a point such that the line joining ι 
to the electron is of length r and makes an angle @ with the 
direction of motion. Show that if v is much less than c, we may 
write 

ev 


bp ==(1 + © cos 0), Ap = = (1 ἘΞ eos δ). 


24, Use the formule of the last question to calculate the 
electric and magnetic fields at the point ἢ, 
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UNITS AND DIMENSIONS 
§ 117. Dimensions 


WE have left till now any discussion of units and dimensions, 
This is intentional, because the basic principles previously 
outlined are completely independent of the particular 
practical units concerned, and it is better therefore not to 
confuse matters of principle with questions of practice. 

There is, however, one important matter to which (§ 45) 
reference has already been made. We have from time to 
time used two completely independent systems of measure- 
ment, the e.m.u. and e.s.u. These are each self-consistent, 
but they are not the same and (as we have developed them) 
actually predict different dimensions for the same quantity. 

Thus, considering first the e.s.u., we remember that the 
force between two charges Q, and Q, in vacuo is F = Q,Q,/r*. 
Since the dimensions of force are MLT-*, this gives 
Q= M'L'T-, But current is rate of flow of charge and 
must therefore be M!L'T-*; current density is current per 
unit area of section and must be MiL~i7'-2, In this way the 
dimensions of all the required quantities may be obtained, on 
the supposition that the dielectric constant is a pure number. 
But it may be objected that the real law of force is 
F =Q,Q,/Kr*, and that by putting K =1 in free space we 
do not remove its dimensional character. In such a case 
we must develop all our dimensional analysis in terms of 
MLT and K. The results of both calculations are shown in 
table 1 at the end of the chapter. The student is strongly 
urged to draw up this table for himself, filling in the last five 
columns without consulting the book. 
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Similarly we can deal with the e.m.u. Here we can start 
either with a law of force between poles p, and p, given by 
F = p,p./pr?, or, if we do not wish to introduce such un- 
observable entities as isolated magnetic poles, we may use the 
mutual potential energy M,,1,7, (§ 53) between two currents. 
The resulting dimensions, with and without the inclusion of 
the permeability μι, are also shown in Table 1. 


§ 118. Ratio of e.m.u. and 9.5.0, 


Reference to Table 1 shows that if we neglect any possible 
dimensions in μ and K, the e.s.u. and e.m.u. always differ 
__ 6.8.1. of charge 
Thus the ———_—__—_ 
e.m.u. of charge 

.8.u. of resistance * ; 
has dimensions L7'-? and the Se eee ; πως dimensions 
(LT-1)-*, This ratio which is found numerically (see § 109) 
to have the same value as the velocity of light in free space, is 
represented by c, with a numerical value approximately 
3x10 ems. per sec. We show in the last column of Table | 
the ratio of the e.s.u. and the e.m.u. for the various quantities. 
Thus, from the Table, we see that 1 e.s.u. of electric field E 
equals 3X10" e.m.u. of electric field. In this way Table 1 

may be used to convert from one system to the other. 

On the other hand, if we take into account the dimensions 
of K and μ we are obliged to use four and not three funda- 
mental units. We may choose M and any three of ἢ, 7’, Καὶ, μ. 
This follows from Table 1, in which it is easily verified from 
the last five columns that when K and p are included the 
e.m.u. and e.8.u. predict the same dimensions for all quantities 
if [ΚΊ[μ] = [velocity]-*. 

aie pc ΜΗ͂ to the use of all such systems as 

these is that fractional exponents occur in the dimensions 

of most quantities. It is possible, though we shall not 

discuss this further, to avoid all fractional indices by working 
in terms of M, L, T and Q as the four basic quantities. 
od 


by a power of LT-}, i.e. a velocity. 
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8119. Gaussian units 


It is possible to work entirely in e.s.u. or entirely in 
e.m.u. But in that case the powers of c in Maxwell’s equations 
differ from those given in § 107. It is more convenient to 
use mixed units, sometimes called Gaussian units, instead. 
τ 11. Here magnetic quantities are measured in e.m.u. and electro- 
5.5 ἐπι hua be eee he beatae static quantities in e.s.u. Maxwell’s equations then show a 
| symmetry in powers of c that makes them easier to remember. 

| ) - In this system some writers take the current j in 6.8.0, and 
ΜΝ me others (as in this book) in e.m.u. Our division is: 


e.s.u.—charge, electric field, displacement, capacity and 
related quantities ; 

€.m.u.—current, magnetic field, induction, resistance and 
related quantities. 


®.™m.1. 
including 
μ 
-j 
pot 
ao 


oe oo 

BES GS Ι ν * a ΓΙ 1 Op 
ὌΝ ΘῈΣ ame EAA | Note that with these units (6) on ἢ. 75 becomes div j = ---- — 
AAA 


c δι᾿ 


6.™.12. 
p-dimension- 
less. 
Lif 


MiL'?-1 


Also, if o is in 6.8.u., j] = cE/c; if σ is in e.m.u., j = coE. 


Ey § 120. Rationalised units 


In order to avoid the factor 47 which is continually 
appearing in our formule various rationalised systems have 
- been introduced by means of which it is removed. This is 
— - achieved by inserting a factor 47 in the definitions of dielectric 
| constant and permeability. As a result, in free space Καὶ and μ 
are no longer unity; we generally write them Ky, and po. 
rare! If we are using rationalised Gaussian units, K, and μὴ have the 
ABO ds gb ttl hil II oe i ter _ | value 1/47 and 47 respectively. The most important 
rationalised system is the Giorgi system. This leaves 
unchanged the practical units of ohm, Coulomb and volt 
(see § 122 and Table 4 for further details.) 


ΜΊΙΝ 7-2 


Tantm 1—Dimensions in ¢.¢.u. and e.m.u. 
6.85... 
EK-dimensionless. 


Symbol. | 


δ ὃ δ ΒΒ δ Ff 


Note to Tablo 1. 


Colma wood,” ..u. H-dimensionless gives the dimensions when the law of foree 
Column headed “e.m.u. faites ensionless"’ gives the dimensions when the law of 
force between eo is F ee , Le. when in ths mutual potential energy of two 
small magnets is ( δου A ‘ft ni(ms.2)/r 
umn headed “6.8.0. ineludin e pepang ag ict Ne Bh the “ A-dimen- 


| Column heaged “eum. ine must om sds ele when the degrea of of by iby wileh the he a 


Quantity. 


Magnetic vector potential 
Resistance ὺ 


Electrostatic potential 


Permeability . 


Polarisation 
Pole strength . 


Conductivity . 
Current . ‘ 
| Current vector 
Magnetic moment 


| Capacity 
| Charge 
| Dielectric constant . 
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§ 121. Practical units—c.g.s. system 
The absolute e.s.u. and e.m.u. are not convenient in 
magnitude for ordinary measurements, and we therefore 
TABLE 2—Practical c.g.s. units 


Capacity . . 
Conductivity : 
Current 

Current vector : 

| Dielectric constant 


i 


Magnetic induction 
Magnetic moment 
Magnetisation . 


Magnetostatic ag 
Permeability . 


Polarisation ‘ . 


ΒΕ Oh. = Mbt ρὸ Ὁ HR 9 OQ 


- 
ἐπ 


" tS 


introduce practical units, the coulomb, volt, etc., based on the 
e.m.u. Table 2 shows the relation between the practical and 
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absolute c.g.s. units. These new units are consistent among 
themselves. Thus: 


l amp. = 1 coulomb per second, 
1 farad = 1 coulomb per volt, 
lohm = 1 volt per amp., etc. 


A relation often worth remembering is that 1 e.s.u. of potential 
is the same as 300 volts. 

Since these units are derived from an absolute definition 
of charge, current, etc., we may refer to them as the 
absolute amp., the absolute ohm, etc. Until recently 
absolute measurements of this kind have proved extremely 
difficult to make ; accordingly, for practical convenience and 
by international agreement, the ohm, amp. and volt were 
defined in terms of simpler definite physical apparatus. 
These were called the international units (int. units), Thus 
the int. amp. was that current which deposited 0-001118 gram 
of silver per second in a voltameter ; and the int. ohm was 
the resistance of a certain definite column of mercury. These 
units were introduced because, for example, it is much simpler 
to measure current by a voltameter than by using a Kelvin 
current balance to determine the force between two coils. 
In fact, the methods by which the int. units were defined 
were devised at an early stage before the theoretical relations 
between the various quantities were properly understood. 
As a result the absolute and international units were not 
quite the same. Thus: 


l int, ohm was about 1-0005 abs. ohm. 


This difference, and the corresponding differences in the 
other units, were small, and troublesome. Although they 
were insignificant for most ordinary purposes, they were an 
annoying necessity in precision work. In addition to this, 
with the passage of time, devices for the measurement of 
absolute magnitudes were improved. The result was that, 
on lst January 1948, by international agreement, the older 
units (of 1908) were abandoned: now only the absolute 
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Taste 3—Relation between τι... and c.g.4. Mechanical Unita 


Quantity. M.k.s. System. C.g.s. System. 


1 meter = 10" cms 
Mass lkilogram = 10° gms 
Time 1 second = 1 second 
Energy 1 joule = 107 ergs 
Force 1 newton = 10° dynes 
Power 1 watt = 107 ergs per sec. 


Measure in| Measure in| 
Unration- Unration- . 


Capacity 


σ Farad 

Charge Q Coulomb 
Conduetivity σ' Mho per meter ) 
Current ἑ Ampere 
Current vector . Ν j | Ampere per sq m., 
Dielectric constant . K | Farad per meter 
Displacement .. D Coulomb per sq. m. 
E.m.f. ; &. 
pemetit,: || 2 

Li) 
Magnetic flux . N 
Inductance -| 2, M 
Magnetic induction . B 


1 ig 
1, 19 c 


Magnetic moment . 
Magnetisation . 


+ 108 c= 
dar 


“ἀμ poten- | ἀπ 10 c | 


|Permeability . . iz 10? e-? 


Polarisation . Coulomb per sq. m. 10-*¢ 
Pole strength Weber ᾿Ξ 105 οἱ 
Volt 10" c-1 


Electrostatic poten- 
tial 


| Weber per meter 10* oc 


Ohm 
Obm-meter 


Magnetio vector po- 
tential 


if σ΄" 
101} o-3 
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units remain. But it is important to know of the existence 
of the former international units because they appear so 
frequently in older textbooks, 

§122. m.k.s. units 

We have hitherto used the centimetre, gram and second 
(c.g.s. system) as our fundamental mechanical units. But a 
more convenient system for many purposes is obtained if we 
take as fundamental units the meter, kilogram and second 
(m.k.s, system); and in fact the c.g.s. system has been 
largely superseded by the m.k.s. system in recent years. 
The relation between the most common mechanical quantities 
in the c.g.s. and m.k.s. systems is shown in Table 3, which 
enables us to convert easily from one to the other. 

The practical electrical units are easily expressed in 
terms of the m.k.s. system by combining Tables 2 and 3. 
However, it is worth while showing this relationship quite 
precisely; thus Table 4 gives the practical unit in the 
m.k.s. system and its relation to the ordinary unrationalised 
e.s.u. and e.m.u.j the rationalised system used in the 
electrical m.k.s. units is the Giorgi system (see § 120) which 
introduces a factor 47 in Καὶ and μ, but leaves the ohm and the 
volt unchanged. In July 1950, by international agreement, 
it was decided to recommend the adoption of the total 
rationalised Giorgi system. This recommendation, however, 
is still subject to ratification though its use is now becoming 
almost standard practice in original papers published in 
electrical engineering journals. 

Finally, in Table 5, we give the numerical values of 
some related and useful physical quantities, 


TaBLE 5—Some Useful Constants 


Velocity of light in free space = ὃ == 2-998 x 1010 cms. per sec, 
rge on an electron = e = 4-803 x 10-" @.8.u. 
Mass of an electron = m =9-110 x 10-*8 gms. 
e/m cng an electron (the specific charge) = 1-76 x 107 abs, e.m.u. per gm, 
of a ——- atom = ra . als 660 x 10-** gms. 


ρας αν ταν Ξεῦ 18 oersted (approx.) 
Field between od of a large electro- 
magnet = 10,000 oersteds 
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Conductivity of copper (a metallic 

conductor) =65-8 x 10° mho per cm. 
Conductivity of shellac (insulator) =10-"* mho per cm. 
Permeability of soft iron =50 to 1000 gauss per oersted 


Permeability of gold =between 1 and 3 times 10-* 
gauss per oersted 
Dielectric constant of glass =5 to 10 47-farad per cm, 


Planck’s constant = ἢ =6:62 x 10-*" erg-sec. 
Avogadro’s number = number of mole- 

cules in a gram-molecule == 6-024 x 1074 
Permeability of free space (ἢ 120) = jx» =4a7 x 10-7 henry per metre 
Dielectric constant of free space (§ 120) 

= Ky = 8-854 x 10-"* farad per metre 


NOTE ON THE SIMILARITIES BETWEEN E, Ὁ, B AND H 


THE electromagnetic field is defined by the four basic vectors 
E, D, B and H. Between these vectors there are obvious 
similarities, whose existence enables us, for example, to 
“carry over” much of the formalism of electrostatics to 
problems in magnetism and the flow of current. Our whole 
discussion of potential problems in Chapters IX and X was 
based on this parallelism. 

The treatment which we have used in this book is the 
traditional one in which the magnetic vectors H and B are 
supposed to correspond with the electric vectors E and D 
respectively. This correspondence is expressed by the 
relations 

D=KE , B=pH.. .. . (i) 


The question which we now want to discuss is whether H 
does really correspond to E, and B to D, or whether (1) 
should not rather be written 

1 


D=<KE , H=-B. ©... @ 
μ 


In this form the parallelism is between H and D, and between 
B and E. It will soon be recognised that in the form (2) 
a good deal of the mathematical formalism of electrostatics 
still carries over to the other branches of our subject, so that 
the analysis of Chapters [IX and X still preserves its general 
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applicability, and Maxwell’s equations of the electromagnetic 
field are supposed, of course, to remain unchanged. It is 
true that there would bea few changes of sign—mathematically 
trivial—in the “ carry over,” as for example when we compare 
(Chapters IV and VIII) 


D=E+47rP , H= B—4nM, 
instead of 
D=E+4n7P , B=H+47M. 


The matter is important because it is very desirable that we 
should be clear regarding which are the fundamental electric 
and magnetic vectors, and because, in more advanced 
discussions of the energy than are possible in this book, 
the distinction becomes extremely significant. As we shall 
see, the parallelism represented by (2) is, in fact, preferable 
: that represented by (1). It is the purpose of this note 

to point out the justification for this more modern inter- 
pretation, even though none of our major results and formula 
are thereby affected. 

In free space, where D=E, and B = 8H, there is no 
distinguishing between the two descriptions (unless we are 
using some of the other systems of units referred to in § 120, 
in which K, and py are not equal to unity). But in dielectric 
media we recognise E as fundamental for the determination 
of the force exerted on a charge. We should therefore expect 
that the magnetic vector corresponding to E in electrostatics 
would be that vector which measures force in the presence of 
magnetic media. Now from (32) in § 62 we see that the total 
force on a moving charge is 


eE + -v xB, 


and from (31) in the same section, the force on a circuit 
carrying a current ¢ is 

ἐ 

ῦ 


FF 
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Both of these suggest that B is the fundamental force vector 
in magnetism, and should be taken to correspond to E. 
Several other arguments reinforce this view. Thus :— 

1 6B 


(i) In Maxwell’s equations we find that curl E = — = 2 
showing that E and B are related together. So also are H 
and D in one of the other equations ; 

(ii) In fundamental studies of the electromagnetic field, 
it turns out that the components of B and of 7B form the 
six elements of an antisymmetrical matrix of order 4,* 
enabling a particularly neat and suggestive expression of the 
set of field equations to be given ; 

(iii) In considering the relativistic transformations that 
take place when one set of axes is moving relative to another, 
it appears that B as measured by an observer in one frame 
of axes is related to a combination of B and E as measured 
by an observer in the other frame ; 

(iv) In the analogies which exist between electrodynamics 
and ordinary mechanics, it appears that a Lagrangian function 
can be introduced in electrodynamics, and that this function 
can be used in a similar way to its counterpart in dynamical 


problems.t The form of this Lagrangian is = | (B2—E2)dy. 


All these arguments suggest that the more fundamental 
point of view is expressed by (2) rather than by (1). Present 
custom as revealed in the larger treatises on electricity and 
magnetism tends to follow this line of thought, introducing 
the magnetic field (analogously to the electric field) in per- 
meable media in terms of the force vector B. Older tradition, 
as we have said, was in favour of (1). 


* A brief account is in Rutherford, Vector Methods, Oli 
Boyd Ltd., Chapter VILLI. spite 


T See δ. 5. Rutherford, Mechanics, Oliver and Boyd Ltd. 
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